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Abstract

In this thesis, I present the development of a cavity quantum electrodynamics (CQED)
system using single or multiple ensembles of ytterbium-171 atoms and its use for
quantum metrology and quantum information science investigations.

We develop and study a unified theoretical framework that describes CQED spin
systems. We unify the two major roles of cavity light: the measurement of the atomic
state and the catalyst for generating entanglement. The obtained model agrees well
with the experimental results. We utilize this framework to implement and optimize
a variety of quantum metrological applications.

With optimized parameters guided by the theoretical model, we achieve a near-
unitary spin squeezing in the ground state manifold of ytterbium atoms. We observe
a metrological gain of 6.5(4)dB, while the inferred metrological gain without mea-
surement limitation can reach 13dB. In a second experiment, we coherently transfer
the entanglement from the ground state manifold to the optical clock transition for
its 105 times faster phase accumulation and higher relative accuracy compared with
an rf-clock. We infer a 4.4dB of improvement in performance, which is the first
demonstration of the quantum entanglement-assisted optical clock operation.

We also implement a time-reversal-based quantum metrology protocol. We demon-
strate that this method benefits practical quantum metrology since it improves the
signal-to-noise ratio by amplifying the signal rather than reducing the noise. Notably,
it is insensitive to the measurement noise, the dominant limitation in previous exper-
iments. With the time-reversal protocol, we observed a 12.8(9)dB metrological gain
and a record high 11.8(5)dB gain of phase sensitivity.

We further bring it to quantum information science. We explore the out-of-time-
ordered correlators (OTOCs), a benchmark of how fast the quantum information
“scrambles” into the whole quantum many-body system. We demonstrate that the
time-reversal method can efficiently use the quantum scrambler’s exponentially fast
dynamics as a way to improve the signal.

Altogether, we have built and upgraded the machine of this lab to be able to per-
form complicated quantum experiments. We can coherently and uniformly prepare
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and initialize the atomic states, and use the cavity to generate quantum entangle-
ment or undo it among the atomic ensemble. We not only improve the attainable
performance of precision measurement but also extend the investigation of quantum
metrology to the field of quantum information science.

Thesis Supervisor: Vladan Vuletic
Title: Lester Wolfe Professor of Physics
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3-1 (a) Schematic diagram of an ensemble of atoms interacting with a
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assumed to be zero in a lossless cavity. (b) Level diagram of the atomic

three-level system. |↑⟩ = |𝑔⟩ and |𝑒⟩ are the two states interacting with

the cavity light. 𝜔𝑎, 𝜔𝑐 and 𝜔𝑙 are the atomic, cavity resonance frequen-

cies and the probing light frequency, respectively. Δ = 𝜔𝑙 − 𝜔𝑎 and

𝛿 = 𝜔𝑙 − 𝜔𝑐 are the detunings of probing light from atomic and cavity

resonance, respectively. The curve on the right represents the cavity

transmission spectrum in the presence of atoms, and 2𝑔 is the vacuum

Rabi splitting due to the light-atom interaction when 𝜔𝑎 = 𝜔𝑐. The

sphere in the bottom right represents a Bloch sphere formed by the 𝑁

atoms of spin 1
2
, and the shaded distribution represents a CSS pointing

along polar and azimuthal angles (𝜃, 𝜑) in spherical coordinates where

each atom is in a superposition state cos(𝜃/2) |↑⟩+ sin(𝜃/2)e𝑖𝜑 |↓⟩. . . 63

3-2 Precision of estimation of an unknown parameter 𝑥 by measurement of

a coherent state of light |𝛼⟩. A change 𝑑𝑥 in some parameter 𝑥 mod-

ifies the amplitude (blue) and phase (green) of |𝛼(𝑥)⟩. The optimum

amount of information about 𝑑𝑥 can be extracted by measuring the

state quadrature along the direction of change 𝜕𝛼/𝜕𝑥 of the coherent

state, which in general, is a combination of phase and amplitude mea-

surements. The shot noise of the coherent state of light (color-shaded

area) limits the precision of the measurement. . . . . . . . . . . . . . 77
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3-3 (a) QFI per scattered photon per atom for different types of measure-

ments. The solid blue line and the yellow dashed line correspond to

the amplitude and phase components of the total QFI 𝐹A and 𝐹𝜑,

respectively. The green dotted line represents the QFI 𝐹 chirp
A for a

chirped two-color measurement of the transmission amplitude through

the cavity, which equals the total QFI 𝐹A + 𝐹𝜑; (b) The normalized

total QFI for a chirped two-color measurement as a function of the

cavity-atom detuning. The QFI is quite sensitive to the symmetry of

the transmission lineshape, see text. . . . . . . . . . . . . . . . . . . . 82

3-4 Measurement quality of the system 𝜎2
𝑑 (variance of measurement spin
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only includes the QFI contained in the transmission amplitude. The

red points are experimental data from [25]. The detection limit 𝜎2
𝑑 first
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3-5 Illustration of the effects of the atom-light interaction on a CSS. (a)

Original CSS on the equator of the Bloch sphere, ⟨𝑆𝑧⟩ = 0. (b) The

effect of a single-shot optical measurement (see text) with usable QFI

𝐹𝑢𝑠𝑒 and total QFI 𝐹𝑡𝑜𝑡, which displaces the state along 𝑆𝑧 based on the

measurement and yields a resolution beyond the SQL (measurement-

based spin squeezing), while broadening it along 𝑆𝑦 due to the mea-

surement backaction. (c) The envelope arising from averaging over

many repeated measurements shows broadening along 𝑆𝑦. (d) Phase

shift Δ𝜑 due to the atom-light interaction in zeroth order, Eq. 3.18.

(e) The effect of single-axis twisting with shearing strength 𝑄. (f)

The complete final state for cavity spin squeezing with all phase shift,

shearing, and state broadening due to unused information 𝐹 contained

in the light field. The equations below each plot give parametric ex-

pressions (𝑆̃𝑦, 𝑆̃𝑧) = (cos 𝜃, sin 𝜃) with 𝜃 ∈ [0, 2𝜋) for the uncertainty

ellipses of the atomic states which are indicated by dotted lines in the
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3-6 Linear increasing of the variance of 𝑆̂𝑦 for an initial CSS along 𝑆𝑥
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4-1 Spectroscopy fringes for (blue) Rabi sequence and (orange) Ramsey
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(right) Ω𝜏Ramsey = 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4-2 CSS and SSS Ramsey sequence. . . . . . . . . . . . . . . . . . . . . 102
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5-1 Raman sideband cooling scheme. (a) An optical cavity along the Z-

direction (gravity-direction) simultaneously resonates to both |1𝑆0,𝑚𝐹 =

1/2⟩ − |3𝑃 1,𝑚𝐹 = 3/2⟩ transition at 556 nm and the optical lattice

beam at 759 nm. 𝜎+-polarized optical pumping beam and 𝜎+-polarized

Raman beam are sent through the optical cavity. a frequency scan-

ning 𝜎+ probe beam is sent through the optical cavity near resonance

to measure atom number. An additional 𝜋-polarized Raman beam

is applied with 15∘ against the X-direction lattice in the X-Y plane.

The optical clock beam is aligned to the X-direction optical lattice

to probe atomic temperature in that direction. Time-of-flight imaging

with 1𝑆0−1𝑃 1 at 399 nm is performed at 35∘ against the X-direction in

the X-Y plane. (b) With 𝐵𝑧 = 13.5 G, Zeeman splittings at 3𝑃 1 and 1𝑆0

are 20 MHz and 10kHz respectively. 𝜎+- and 𝜋-polarized Raman beams

are red-detuned by 10 MHz to the |1𝑆0,𝑚𝐹 = 1/2, 𝑛⟩−|3𝑃 1,𝑚𝐹 = 1/2⟩
or |1𝑆0,𝑚𝐹 = −1/2, 𝑛− 1⟩ − |3𝑃 1,𝑚𝐹 = 1/2⟩ transitions with the res-

onant two-photon condition between the two ground states. . . . . . . 109

5-2 Clock state excitation spectroscopy of an atomic cloud loaded into a

2D optical lattice (a) without and (b) with 200ms cooling. Clock pulse

lengths of 5 ms and 20 ms in (a) and (b) are applied, respectively. At

high temperatures, the large cloud spanned over the harmonic trap,

producing a broadening of the clock spectroscopy lineshapes on both

the resonance and the trap frequency. At low temperatures, the quan-

tized motion takes over and suppresses the red sideband. Assuming a

thermal distribution of the atom, sidebands and carrier are fitted the

apparent temperature of the cloud is calculated to be 𝑇 = 20 ± 2𝜇K

and 𝑇 = 1.8±0.5𝜇K with mean occupation number 𝑛 = 6 and 𝑛 = 0.2

respectively. Broad Doppler Gaussian profile is manually fitted to take

into account floating atoms. 141 kHz and 90 kHz standard derivation

imply temperatures of 22 𝜇K and 10 𝜇K, respectively. . . . . . . . . 111
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5-3 Theory from [16], considering a factor of 2 difference between appar-

ent temperature and actual. The difference from the theory for purple

points (pi pulse) is due to the fraction of atoms that are not in the 2D

trap. It increases when the temperature is higher.Cooling performances

of Raman sideband cooling of 171Yb. X-direction atomic temperatures

with different cooling times are measured using the fitting method out-

lined in Fig. 5-2. The direct measurement quantity is the collective

cooperativity 𝑁𝐶 normalized to the initial condition. . . . . . . . . . 113

5-4 Cavity readouts during the cooling process. (a) Signatures of atomic

reorganization due to cooling. Collective cooperativity 𝑁eff𝐶eff evolu-

tion with cooling time, normalized to the initial one. The gray band

is calculated from the expected collective cooperativity, assuming that

the cooling process drops the atoms weakly coupled to the cooling

cavity mode. The lower limit of the band is collective cooperativity

when we drop all atoms except those within 1 % of the maximal cou-

pling; similarly, the upper limit is the expectation for the case where

we drop all atoms except those within 10% of the maximal coupling.

The inset shows the inferred survival rate 𝑁tot(𝑡)/𝑁tot(0) as a function

of the cooling time 𝑡. (b) Effective cooperativity as a function of the

cooling time. The dashed line is a double-exponential fit. The illus-

trations on the side are schematics of atomic distribution among the

incommensurate trapping and coupling lattices. Initially, atoms are

evenly distributed in the trapping lattice, and after long-time cooling,

the atoms are concentrated in lattice sites with high overlap with the

coupling lattice. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
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5-5 Results of cavity feedback squeezing for a cavity that is resonant with

the atomic transition, 𝜔𝑐 = 𝜔𝑎. (a) Squeezing strength 𝑄, quantum

Fisher information 𝐹 and inverse Wineland parameter 𝜉−2 at fixed

scattered photon number 𝑛sc
𝛾 = 400 and collective cooperativity 𝑁↑𝜂 =

900. (These parameters correspond to the conditions of the experiment

described in Ref. [25]). For the 𝑄 plot, red branches stand for positive

𝑄 and blue branches for negative 𝑄. In this calculation, the curvature

of the Bloch sphere has been ignored, and the results do not depend

on the single-atom cooperativity 𝜂. (b) Inverse Wineland parameter

including the effect of the Bloch sphere curvature for different scattered

photon number 𝑛sc
𝛾 calculated for the parameters 𝑁 = 1000, ⟨𝑆𝑧⟩ = 0,

and 𝜂 = 1.8. Both (a) and (b) assume 𝜅/Γ = 2.8 as in the experiment

of Refs. [25, 168]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5-6 (a, b) the optimal Wineland parameter with respect to the optimized

photon number at given 𝑁 and detuning, without (a) and with (b)

Bloch sphere curvature effect, where from bottom to top the atom

numbers are 𝑁 = {1, 2, 4, 8, 16}×500. The single-atom cooperativity is

𝜂 = 1.8. The green dots indicate the maximum Wineland parameter for

a given atom number. (c, d) show the optimum detuning and maximum

Wineland parameter as a function of atom number, corresponding to

the parameters of the green dots in subfigures (a, b); the data points

correspond to numerical simulations and the solid lines represent fits

that hold for large atom number 𝑁 ≫ 1. . . . . . . . . . . . . . . . . 120
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5-7 (a) Experimental setup. A one-dimensional optical lattice at 𝜆𝑡=759 nm

(red) traps the atoms. Light at 𝜆=556 nm light (green), whose trans-

mission is detected using a dichroic mirror (𝐷) and a single-photon

counter (SPC), is used for squeezing and probing. (b) Relevant en-

ergy levels of 171Yb with ground state
⃒⃒
1𝑆0, 𝐼 = 1

2

⟩︀
and excited state

⃒⃒
3𝑃1, 𝐹 = 3

2

⟩︀
. The Zeeman splitting in

⃒⃒
3𝑃1, 𝐹 = 3

2

⟩︀
is Δ𝑧/(2𝜋)=18.5 MHz

for a magnetic field 𝐵𝑧=13.6 G along the cavity axis. (c) Cavity trans-

mission spectrum showing vacuum Rabi splitting for 𝑁𝜂=1800, as well

as the two squeezing light pulses 𝜔𝑙1 and 𝜔𝑙2. (d) Simplified representa-

tion of the squeezing and measurement sequence. (e) Quasiprobability

distributions for a CSS (red) and SSS (blue). . . . . . . . . . . . . . . 122

5-8 Measured normalized spin noise 𝜎2(𝛼), as a function of the state ro-

tation angle 𝛼, for shearing strengths 𝑄 = 0.3 (blue circles), 𝑄 = 2.2

(green squares), 𝑄 = 4.5 (yellow triangles), and 𝑄 = 6.3 (red dia-

monds). For visualization, the data measured at 𝛼=0 are displayed at

𝛼=0.02 rad. The solid lines are theoretical fits. States in the violet

region below the dashed line at 𝜎2 = 𝜎2
𝑑 = 0.11 (detection limit) cannot

be directly observed. Inset: 𝜎2
𝑠𝑡 of SSS after subtracting measurement

noise 𝜎2
𝑑 for the same parameters. . . . . . . . . . . . . . . . . . . . . 124

5-9 Shearing strength 𝑄 (filled blue squares) and excess broadening factor

𝐹 (red circles) plotted vs. the number 𝑝𝑡 of transmitted photons. The

open red circles correspond to the directly measured data with the

theoretical model without free parameters (dotted red line), the solid

circles are after subtraction of measurement noise 𝜎2
𝑑 with a parameter-

free model without (solid red line) and with (dashed red line) Bloch-

sphere-curvature-induced broadening. . . . . . . . . . . . . . . . . . 125
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5-10 (a) Wineland metrological gain 𝜉2𝑊 (blue), measured spin noise reduc-

tion 𝜉2− (green), and inferred SSS noise 𝜉2𝑠𝑡 (red) as a function of shearing

strength 𝑄. 𝜉2− is limited by the measurement resolution and 𝜉2𝑠𝑡 by the

curvature of the Bloch sphere. (b) Ramsey contrast as a function of

𝑄 with initial contrast as only fitting parameter (solid line). (c) Allan

deviation of a phase measurement for a CSS (black squares) with SQL

(dashed line) and for a SSS with 𝑄 = 3.8 (𝑝𝑡=130), 𝐹 = 0.8 (red data).

The red solid line is fit to the first three data points. The reduction in

measurement time over the SQL is a factor of 3.7(2), represented by

the orange star in (a). . . . . . . . . . . . . . . . . . . . . . . . . . . 126
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6-1 Setup and squeezed-clock sequence. a, 171Yb atoms are trapped

inside an optical cavity in a two-dimensional magic-wavelength opti-

cal lattice along the 𝑥 and 𝑧 directions (red beams). Light for optical

pumping and spin squeezing (green) is applied along the cavity axis

𝑧, while the clock laser (yellow) propagates along 𝑥. b, Energy levels

and transitions. Purple, green, and yellow pulses indicate the ground-

state radiofrequency (RF) transition |↓⟩ → |↑⟩, squeezing transition
⃒⃒
1𝑆0,𝑚𝐼 =

1
2

⟩︀
→
⃒⃒
3𝑃1,𝑚𝐹 = 3

2

⟩︀
at 𝜔𝑎𝑡, and optical-clock transition

|↑⟩ → |𝑒⟩, respectively. The system evolves either in the ground-state

manifold {|↓⟩ , |↑⟩} (purple Bloch sphere), or in the clock-state mani-

fold {|𝑔⟩ , |𝑒⟩} (yellow Bloch sphere). The cavity frequency 𝜔𝑐 is tuned

in resonance with the squeezing transition, 𝜔𝑐 = 𝜔𝑎𝑡. c, Spin squeez-

ing. Strong coupling of the atoms to the cavity results in vacuum Rabi

splitting of the cavity resonance (red peaks). A laser is applied detuned

from the Rabi peak at frequency 𝜔𝑠𝑞 (green peak) to produce a SSS via

cavity feedback [25]. d, Squeezed-clock sequence. A SSS is prepared in

the ground-state manifold {|↓⟩ , |↑⟩}, transferred to the clock manifold

{|𝑔⟩ , |𝑒⟩}, evolved in a Ramsey sequence for time 𝜏𝑅, and mapped back

onto {|↓⟩ , |↑⟩}, where a state measurement is performed. The evolu-

tion of the quantum state is depicted on the Bloch spheres for the RF

(purple) and optical (yellow) transitions. . . . . . . . . . . . . . . . . 132

6-2 Squeezed state tomography. a, Rabi spectroscopy of the |↑⟩ → |𝑒⟩
transition to the clock state. The pulse duration is 0.22 ms. b, Rabi

oscillations on the clock transition. c, Tomographic measurements of

the SSS before (purple diamond) and after (orange circle) mapping onto

the clock transition and back show very similar degrees of squeezing.

The theoretical expectation for a state with 𝜉2− = −5.9 dB is shown as

a gray solid line. Two measured data points for a CSS are also shown

(blue squares). The shaded area indicates the region below the SQL.

Error bars represent 1𝜎 statistical confidence interval. . . . . . . . . 134
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6-3 Spin noise and Wineland parameter on the clock transition as

a function of time. The measured normalized 𝑆𝑧 spin noise 𝜉2 (solid

circles) and model (dashed lines) for the CSS (purple) and the SSS

with squeezed axis aligned along 𝑆𝑧 (dark-red) increases slowly with

time. The increase is caused by the finite 800-ms lifetime of the state

|𝑒⟩ due to scattering of the trapping light. The Wineland parameter

𝜉2𝑊 (open squares) depends in addition on the contrast loss due to

shortening of the atomic collective spin |⟨𝑆⃗⟩| (inset, blue data points for

CSS, red for SSS, with exponential fits). The solid lines represent the

predicted Wineland parameter using the fit to the measured contrast.

𝜏𝐿𝑂 indicates the coherence time of the LO. Error bars represent 1𝜎

statistical confidence interval. . . . . . . . . . . . . . . . . . . . . . . 136
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6-4 Stability improvement with the squeezed clock. In all three

subfigures, the blue shaded area represents the region below the SQL,

while the gray shaded area in a, b, represents the additional contri-

bution from LO phase noise. a, Inferred single-clock cycle stability

(self-comparison Allan deviation divided by
√
2 [2]) for a CSS (se-

quence C1, blue) and a SSS (S1, red) with Ramsey time 𝜏S1 = 0.17 ms.

The squeezed clock operates within the gray region set by SQL and

LO phase noise because the quantum projection noise is reduced be-

low the SQL. b, Allan deviation for a SSS (sequence S2, green) with

longer Ramsey time 𝜏S2 = 1.16 ms, where the total noise is domi-

nated by the LO noise. Inset: Ramsey fringes vs. LO phase 𝜙𝑜𝑝𝑡 of

the second Ramsey 𝜋-pulse for S2. c, Data for C1 and S1 after sub-

traction of the LO phase noise, where the latter has been calculated

from the data for S2. The dashed lines indicate the expected perfor-

mance estimated from the separately measured Wineland parameter

𝜉2𝑊 , see Fig. 6-3. The other parameters for these measurement are:

atom number 𝑁 = 300±30, single-cycle time 𝑇𝐶=4s, Ramsey contrast

𝐶𝐶1 = 0.91(1) for CSS, 𝐶𝑆1 = 0.85(1) and 𝐶𝑆2 = 0.70(1) for SSS. Error

bars represent 1𝜎 statistical confidence interval. . . . . . . . . . . . . 137
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7-1 Setup and sequence. a. 171Yb atoms are trapped inside an optical

cavity in an optical lattice. Light for state preparation, entanglement

generation, and state measurement (green) is sent through the cavity

along the 𝑧 axis. The static magnetic field defines the quantization

axis parallel to 𝑧. b. SATIN protocol sequence with the quantum-

state evolution (top) and relevant energy-levels and cavity mode (bot-

tom). Wigner quasiprobability distribution functions describing the

collective quantum state are calculated for an ensemble of 𝑁 = 220

atoms, and are represented on the generalized Bloch sphere for the

ground-state manifold {|↓⟩ , |↑⟩}. An entangling light pulse is passed

through the cavity detuned by +Δ from the |↑⟩ → |𝑒⟩ transition and

the cavity mode. This light generates the nonlinear OAT Hamilto-

nian 𝐻̂ ∝ 𝑆̂
2

𝑧 which shears the initial CSS state (green arrows on the

generalized Bloch sphere), the state depicted here corresponds to a

shearing angle of 𝑄 = 0.7
√
𝑁 = 10.4. A rotation 𝜙 about the 𝑆𝑦

axis displaces the state such that ⟨𝑆̂𝑧⟩ = 𝜙𝑆0; this rotation can be

induced both by a direct resonant rf-pulse or effectively via a com-

pound sequence ℛ𝑦(𝜋/2)ℛ𝑧(𝜙)ℛ𝑦(−𝜋/2) as in Ramsey spectroscopy

with squeezed states (ℛ𝑗(𝛼) denotes a rotation of angle 𝛼 about the 𝑗

axis). We first characterize the protocol by applying a direct rotation

along the 𝑦 axis while later we implement it in a phase sensitive Ram-

sey sequence, where the ℛ𝑧(𝜙) results from the accumulated phase in a

spin echo sequence. Subsequently, a (dis)entangling light pulse is sent

through the cavity detuned by −Δ from the |↑⟩ → |𝑒⟩ transition and

the cavity mode. This pulse generate the negative OAT Hamiltonian

−𝐻̂ which causes the quantum state to evolve effectively "backwards

in time". With 𝜙 = 0 the quantum state evolves back to the origi-

nal CSS, while for a small angle (𝜙 ̸= 0) the final state is displaced

by an angle 𝑚𝜙 from the original CSS, where 𝑚 is the SATIN signal

amplification. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
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7-2 State evolution during SATIN sequence. a. Histograms showing

the distributions of along the 𝑆𝑦 axis measured at different times dur-

ing the SATIN sequence. The system transitions from Gaussian states

(blue histogram) to strongly non-Gaussian states (red, orange). After

reversing the sign of the Hamiltonian, the original CSS is almost recov-

ered (orange, lower plot). The solid lines are the predicted distributions

from a theoretical model including finite contrast 𝒞, measurement res-

olution 𝜎2
𝑚𝑒𝑎𝑠 = 0.15 (i.e., a resolution of 6 atoms for 𝑁 = 220), and

excess broadening from light-atom entanglement ℐ. The Bloch spheres

show the expected Wigner quasi-probability distributions at the corre-

sponding times. b. The normalized 𝑆𝑦 variance (𝜎2
𝑦 ≡ 2(Δ𝑆𝑦)

2/𝑆0) as

a function of the unshearing strength 𝑄̃− for 𝑄̃+ = 0.5. The dashed

line shows the model prediction. c. Measured variances of 𝑆𝑦 resulting

from shearing with 𝑄̃+ (solid circles), and after the corresponding un-

shearing 𝑄̃− (open circles), with 𝑄̃− = −𝑄̃+. Solid lines are theoretical

predictions, including 𝒞, 𝜎2
𝑚𝑒𝑎𝑠 and ℐ. All error bars represent 1𝜎 sta-

tistical uncertainty resulting from 100 to 150 experimental realizations.

Error bars of 𝜎2
𝑦 are inferred by bootstrapping the data. . . . . . . . . 145

7-3 Signal amplification and metrological gain. All data are taken

with 𝑁 = 220 ± 12 atoms. a. The mean value ⟨𝑆̂𝑦⟩/𝑆0 as a function

of the angle 𝜙. The solid black line is the maximal signal that can

be reached with a CSS. Dashed lines represent calculations, solid lines

are the linear fit to the data for small 𝜙. b. The signal amplification

as a function of the shearing parameter 𝑄̃+. The solid line is the

model prediction. c. The resulting metrological gain 𝒢 as a function

of the squeezing strength 𝑄̃+, solid line shows the model prediction.

The gray area represents the metrological gain accessible with a simple

OAT squeezing in the same system with a measurement resolution

𝜎2
𝑚𝑒𝑎𝑠 = 0.15 in variance (−8.2 dB). Error bars represent 1𝜎 confidence

intervals. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
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7-4 Scaling of sensitivity with atom number and comparison with

previous results. a. Block diagram showing a SATIN scheme ap-

plied to a Ramsey interferometry experiment. Here the compound

sequence of pulses that maps the phase accumulated during the Ram-

sey time into a phase displacement about the 𝑆𝑦 axis. b. Phase

Allan deviation plot of Ramsey spin echo interferometry performed

with a CSS (purple circles) and an optimally over-squeezed state in

a SATIN protocol (red circles). In both cases we used 340±20 atoms

in the interferometer. The shaded purple area indicates the region

below the SQL. The data for the SATIN sequence is fitted to a white

noise model (red dashed line) showing 11.8±0.5 dB of metrological gain

over the SQL. c. Comparison with previous results. Blue data: BEC

experiments [77, 11, 152, 111, 201, 133]. Red data: Thermal atoms

[4, 207, 38, 88, 25, 92]. Dark gray data: Ions [150, 18, 174]. Light gray

data: Rydberg atoms in a tweezer array [161]. Green data: squeezing

generated in an optical-lattice clock [168]. Squares are expected metro-

logical gains, obtained by quantum state characterization. Stars refer

to directly measured phase-sensitivity gain. Solid symbols are obtained

in this work. Error bars represent 1𝜎 confidence interval. Horizontal

error bars are smaller than the markers. . . . . . . . . . . . . . . . . 149

8-1 Equivalence of time-reversal based quantum metrology be-

yond the standard quantum limit (SATIN) and the fidelity

out-of-time-order correlator (FOTOC). The Bloch spheres and

the shaded regions represent the Hilbert spaces and the states’ Wigner

distribution, respectively. The blue lines describe the procedures from

the quantum information science point of view, while the red lines are

in the quantum metrology language. . . . . . . . . . . . . . . . . . . 155
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8-2 Time-reversal based exponential growth of sensitivity in a sys-

tem with an unstable fixed point. A, Classically, for a trajectory

with a positive Lyapunov exponent 𝜆1 > 0 an initial signal (displace-

ment) 𝛿(0) increases exponentially over time. For quantum dynamics,

however, an initial overlap between two states is preserved under uni-

tary evolution. To amplify the signal similarly to the classical case, one

needs to evolve the state under the nonlinear 𝐻̂, resulting in decreased

quantum fluctuations along a direction with negative Lyapunov coeffi-

cient 𝜆2 < 0. A displacement along this direction followed by applica-

tion of the negative Hamiltonian −𝐻̂ (such that 𝜆1,2 → −𝜆1,2) is then

used to amplify the signal. These plots also correspond to the Bloch

sphere, where the 𝑆𝑦 and 𝑆𝑧 axes are labeled as in the left subplot of

the middle row. B, Experimental setup. The LMG Hamiltonian is gen-

erated by the interaction of the collective atomic spin with light inside

a cavity on the transition |↑⟩ → |𝑒⟩, while a radiofrequency magnetic

field is applied to rotate the atomic spin. . . . . . . . . . . . . . . . 156
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8-3 Collective-spin evolution in the CQED system. A, Numerical

calculation of the normalized variance 𝜉2+ of the antisqueezed direction

as a function of 𝑆𝜒𝑡 and Ω/𝑆𝜒 with linecuts representing the mea-

surements in B, C. B, The antisqueezing for a given 𝑆𝜒𝑡 = 1.8 as a

function of the rotation strength Ω. The shaded region indicates expo-

nential growth, while in the other regions the time evolution is either

quasi-periodic or growing polynomially. C, Comparison of antisqueez-

ing 𝜉2+ between the fastest exponential growth for a critical rotation

strength Ω = 𝑆𝜒, and the polynomial growth of pure OAT (Ω = 0).

The two Bloch spheres represent the lines of classical evolution in both

situations. The dashed and dash-dotted red lines represent exponen-

tial growth based on the theoretically predicted Lyapunov exponent

and the full numerical result, respectively. The gray dashed line is

calculated for Ω = 0. Inset: logarithmic plot for Ω = 𝑆𝜒 showing the

exponential growth of 𝜉2+. D, The Binder cumulant, characterizing the

shape of the distribution, for the antisqueezed direction for the critical

LMG condition Ω = 𝑆𝜒 vs. time 𝑡. Insets: spin distribution with

𝑆𝜒𝑡 = 0 (blue) and 𝑆𝜒𝑡 = 2 (purple), with the latter being strongly

non-Gaussian. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

8-4 Metrological gain with exponential LMG time-reversal pro-

tocol. The squared signal amplification 𝐺2 (pink open circles) and

system noise 𝑁2 (blue solid squares) vs. time 𝑡. The orange dashed

line represents the exponential growth of the anti-squeezing shown in

Fig. 8-3, representing an upper bound to the QFI. The blue dash-dotted

line is the calculated noise due to residual light-atom entanglement.

The maximum metrological gain is 6.8(4) dB. . . . . . . . . . . . . . 160
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8-5 FOTOC and OTOC extracted from quantum state tomogra-

phy. A, Experimental Wigner functions obtained from quantum state

tomography after the LMG SATIN protocol with different signal dis-

placements 𝛿𝜑 (for Ω = 𝑆𝜒 and 𝑡 = 0.57(𝑆𝜒)−1). The dashed circle

indicates the orginal CSS state. B, The solid blue line is a quadratic

fit used to extract the OTOC ℐ (see text and eq. 8.3). . . . . . . . . 161

8-6 Comparison between quantum information and quantum metrol-

ogy parameters for the LMG model. The red open circles, solid

green squares, and solid blue diamonds represent the antisqueezing,

metrological gain, and OTOC, respectively. All quantities increase ini-

tially exponentially with time with a fitted Lyapunov exponent 𝜆𝑄 =

1.01(3)𝑆𝜒 that agrees well with the theoretical prediction 𝜆𝑄 = 𝑆𝜒.

The OTOC errorbars are obtained by using the bootstrapping method [80].

For longer times 𝑡 ≳ (𝑆𝜒)−1, the metrological gain and OTOC decrease

due to decoherence caused by light-atom entanglement, as is well cap-

tured by the theoretical model (solid blue line). . . . . . . . . . . . . 163
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9-7 The cavity field’s amplitude and phase for the symmetric clock situa-

tion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
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Chapter 1

Introduction

In the thesis title, I used “Exploring Novel Quantum Physics Using ytterbium-171 in

An Optical Cavity”. This is way too abstract, even for experts in this field. Here

I would like to break it up into three interesting components, raise three questions

respectively, and answer them in this chapter. The answers, however, will lead to

more questions, that will eventually be discussed throughout this thesis.

First of all, Novel Quantum Physics. When talking about it, what I really mean

are fascinating phenomena of quantum physics based on quantum entanglement. But

quantum entanglement can be perceived very differently in different fields of study.

What view will we use in this thesis?

Besides that, the title suggests that we are investigating ytterbium-171. This

specific atom has an ideal spin-1/2 ground state structure and is commonly used for

clock operation: a type of research that focuses on the collective response of atoms.

Thus, what we will deal with is collective spin physics; but what does it mean, and

why do we care about it?

Finally, we investigate the atoms in an Optical Cavity, which forms a Cavity

Quantum Electrodynamics (CQED) system. What’s specific about adding this extra

component, and is there anything new in our system?

With all these questions, I would like to discuss the three components with a little

bit more, before giving the essential details.
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1.1 Quantum Entanglement: Maybe the Most Fa-

miliar Stranger

Most physics major students should know something about quantum entanglement.

However, physicists from different specific divisions focus more on their own direction

of study; thus, their understanding and perspective of quantum entanglement can

differ significantly. For instance, astrophysicists might view quantum entanglement

as a specific modification to stellar objects, such as a strongly interacting Fermionic

system of neutron stars. Condensed matter physicists may classify quantum entan-

glement as a way to categorize topological orders. Additionally, quantum information

physicists may consider quantum entanglement as a resource for performing certain

quantum tasks, such as computing or communicating.

In this thesis, I will mostly focus on the quantum metrology point of view of

quantum entanglement. Since essentially these are all about quantum entanglement,

these perspectives overlap largely; however, the quantum metrological way of thinking

is, to me, the most straightforward way and directly relates to the field of metrology

and sensing.

The field of quantum-enhanced metrology studies how quantum entanglement

helps phase estimation, an essential concept in the field of metrology that I will

review in Chap. 4. Since the scenario is restricted to phase estimation, only some

specific forms of quantum entanglement are useful. Such entanglement and its impact

on phase estimation are quantified by the Quantum Fisher Information (QFI). This

quantity is not common to the other communities studying quantum entanglement;

however, I will try to convince the audience that in certain contexts, the QFI can also

provide properties similar to other characterizations of quantum entanglement, like

entanglement entropy and out-of-time-ordered correlators.

36



1.2 What to Investigate: Collective Spin States

Problems with collective spin states are not new. Since the framework of the quantum

angular momentum was established, early quantum physicists have tried to under-

stand the properties of the collective state of many spins. As early as 1940, Theodore

Holstein developed the simplifications to such systems [86] which we are still using

nowadays. However, to make the external control interact solely with the collective

spin state is not easy: one has to create a very symmetric and coherent environment

to control the collective state, and it was even impossible to observe nonlinear in-

teracting phenomena from a collective spin system. Thus when Kitagawa and Ueda

proposed the one-axis twisting and two-axis twisting method to generate spin squeez-

ing in 1993 [108], not many physicists were eager to investigate such phenomena

experimentally since these types of Hamiltonian evolution were not yet ready. In

fact, the Kitagawa-Ueda paper, which we now view as seminal work, was turned

down by Physical Review Letters. See Fig. 1-1, prior to 2001, this paper was rarely

cited.

Figure 1-1: Early citation numbers for [108, Kitagawa, Ueda 1993].

What happened around 2000? At that time, scientists realized that a light-matter

quantum interface is a perfect tool for collective spin physics. Under certain condi-

tions, the light mode indeed coherently couples to the collective states [113, 115, 114].

To further ensure that only one optical mode coherently couples to all the spins, the

usage of an optical cavity seems very straightforward, where the density of optical
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modes is discretized such that the original spectrally flat energy density distribution

is reallocated into a few specific modes. This, in turn, makes the interaction between

atoms and light greatly enhanced [178, 106, 151].

Of course, different techniques aiming for similar physics were developed in other

systems. One example relies on the spinor Bose-Einstein Condensation (BEC) system:

the great coherence of BEC and the collisional spin-spin interaction makes this system

also promising to investigate features of collective spin states [69, 184]; also, some long-

range interactions such as dipolar interaction in NV centers and Rydberg-Rydberg

interaction can be approximately considered as collective spin states which thus can

be used to generate spin squeezing [19, 53, 84]. For the rest of the thesis, I will restrict

the discussion to the collective spin physics inside an optical cavity.

1.3 Cavity Quantum Electrodynamics

As mentioned above, the optical cavity is very beneficial for investigating collective

spin systems since the cavity mode not only intrinsically couples to all atoms but also

couples very strongly [106, 222, 125].

As also mentioned earlier, I want to focus on some metrological aspects of this

system. Using the cavity in this direction began as early as 2010 [121, 199, 200]. How-

ever, these proof-of-principle results were not very well accepted by the community

of quantum metrology, as the technical improvements led the rapid progress at that

time. As one can see in Fig. 1-2, the optical clock’s fractional frequency uncertainty

increases dramatically at the speed of 4dB/yr. However, the speed was slowed down

to 1db/yr afterward, and the significance of cavity squeezing became clearer.

Naturally, questions pop up in our minds. Would the entanglement really work

and help state-of-the-art clocks and precision measurements? Is squeezing the only

way to help? Are there any other slightly more complicated add-ons to make the

metrology even better? Are there more things to be done in collective spin physics?

With these questions in mind, I shall present my thesis, and try to answer some

of them in detail.
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Figure 1-2: “Moore’s Law” of atomic clocks’ fractional frequency uncertainty. Blue
data and line represent RF clock results, while red data and line represent optical
clock results. RF data are extracted from NIST’s review [132]. Optical data are from
reviews [45, 134, 46] or recent results [21].

1.4 Thesis Outline

The remainder of this thesis is structured as follows. In Chap. 2, I first introduce the

experimental apparatus used for this thesis. The design is mostly similar to the one

described in the previous generation’s thesis [100, 24], with some essential upgrades.

In Chap. 3, I will describe how to treat and model the system such that we can reduce

it to a simple collective spin physics. I will then discuss one of the major applications

of the system I described: quantum metrology, in Chap. 4.

Starting from Chap. 5 I will introduce the results developed during my Ph.D.

In Chap. 5 I will focus on previous near-unitary results since these are essential for

all other results and benchmark the major difference between our system and other

similar systems. Then in Chap. 6 I will further demonstrate our control of the clock

transition and how we obtained improvements in optical clocks. Then comes a com-

pletely innovative breakthrough in this field: a time-reversal control of the Hamilto-

nian. I will start with the record-high metrological gain we obtained for a Ramsey

sequence in Chap. 7. Then by generalizing this to more complicated dynamics, we

found a link between quantum information science and quantum metrology under the
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time-reversal control in Chap. 8.

Finally, in Chap. 9 I will discuss a few ongoing exciting projects we are about to

accomplish: upgrading the system to accommodate more than one ensemble. With

these simple upgrades, one can now do much more interesting physics with the col-

lective spin system, including investigating quantum few-body chaos and operating a

continuous version of the clock.
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Chapter 2

The Yb-Clock Lab

In this chapter, I will briefly explain our experimental apparatus, especially what I

have upgraded since the first generation [100, 24], together with Shu [209] and the

postdocs (AKA the second generation).

2.1 Overview of the System

Before I dive into the details, it may be helpful to describe the experimental sequence

briefly. Here I will summarize the procedure in a not-too-detailed manner, i.e., I will

not specify exactly how each physical procedure is accomplished; instead, I will men-

tion abstractly what happened to the system. These procedures might seem simple

based on our knowledge at this moment, but several of them were very innovative

and provided substantial advances in the field when they were invented.

The typical experiment proceeds as follows: a ytterbium oven at 300∘C constantly

produces hot ytterbium atoms with a flux of 1010 atoms/s. The atoms are trapped

and cooled by the magneto-optical trap (MOT) generated by the blue (399nm) laser,

which is on resonance with the 28MHz wide transition 1𝑆0 ↔ 1𝑃1, and the MOT

magnetic coil. Then suddenly, we turn off the blue laser and ramp the magnetic

coil values such that the atoms first move with the magnetic field to a designated

location, where they are further cooled by the green (556nm, on resonance with the

180kHz narrow transition 1𝑆0 ↔ 3𝑃1) MOT for a lower temperature [103]. Then we
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turn off the green laser as well, and turn on the red (759nm) laser through the cavity

to load the atoms into the optical lattices formed by the red laser, then turn the

MOT coils off. Applying an additional bias magnetic field of 13G which defines the

quantization axis, we then optically pump the atoms by sending 𝜎+-polarized green

light through the cavity. After that, we apply a certain portfolio of RF magnetic

fields close to the resonance of the ground state magnetic splitting, and send a near-

resonance green light through the cavity, and/or yellow (578nm) light through the

same transverse direction as the red transverse lattice. Finally, we send near resonant

green light again, through the cavity while ramping the frequency, as a measurement

of the atomic state.

We need our apparatus to handle all the procedures. For that purpose, at a

high level, the lab needs hardware and software parts. The hardware controls all the

devices, while the software translates our abstract way of describing the sequences

into specific instructions to those hardware devices with certain time sequences. I

will discuss both separately. Since we are working on a software transition without

changing the hardware too much, the hardware part would only be a supplement to

the previous Ph.D. theses describing this experiment of the lab [100, 24, 209].

2.1.1 The Hardware

Let’s start with the hardware, the backbone of the experiment. We can further

split the hardware here into roughly three important ingredients: the container of

the major experiment (the vacuum system), the tools to generate conditions for the

experiments (lasers, magnetic field controls, frequency generators, etc.), and the final

measurement (photon counter). The vacuum system is exactly the one the first

generation built: the obtained ultra-high vacuum (UHV) ensures us a second-long

atom lifetime with reasonably strong trapping. The measurement tool is also the

same: we count individual photons transmitted through the cavity and record their

arrival times using a fast counting board P7888.

The middle part, tools to provide an appropriate electromagnetic environment for

experiments, are very complicated. These are also very similar to the first generation’s
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machine, but we also made our own upgrades. Let’s start with the low-frequency

magnetic field controls. We drive the field by sending currents through different

magnetic field coils. The currents are provided by the metal-oxide-semiconductor

field-effect transistor (MOSFET) and feedback based on a small sensing resistor.

Such setups control the MOT magnetic field gradient, the bias coil for nuclear Zeeman

splitting, and even our 10kHz RF drive on the ground state spin. Recently, we also

tested a few more tools, such as using the audio amplifier to drive the RF coil and

using green lasers to generate fast rotations, which I will explain in detail later.

The electric fields interacting with the atoms are mostly at optical frequencies,

i.e., via laser fields. We have many different lasers, but most frequently, we use blue

399nm laser, green 556nm laser, yellow 578nm laser, and red 759nm laser. These

lasers need to be frequency stabilized. The 399nm laser is stabilized by the vapor

lamp since the related transition has a very wide lineshape; the rest of the lasers

are all locked to Ultra low expansion (ULE) glass cavity. No matter how we lock

the frequency, one needs to generate frequency shifts via Electro-Optic Modulators

(EOMs) or Acoustic-Optic Modulators (AOMs). Both modulators should be supplied

with high-power RF electric fields1. To drive such high-power RF signals, we use a

two-stage amplification after the source, and the source is either from AD9959 Direct

Digital Synthesis (DDS) or from a voltage-controlled oscillator (VCO).

The above summarizes our hardware system. The details of upgrades will be

introduced in Sec. 2.2, while the ongoing upgrades and the related interesting physics

will be later discussed in Chap. 9.

2.1.2 Software Control and Analyss

After more than 10 years of using Labview as the software tool to control the system,

we finally abandoned this obsolete “visual programming language”, and adopted a

modern controlling and analyzing system: the labscript suite. One can find a more

1Note that for EOMs, an alternative application would be using them as a phase shifter with
low-frequency voltage. This will be essential for the optical feedback of the laser, which will be
discussed later.
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complete introduction to this suite at https://labscriptsuite.org/ and at [12,

215]. Here I briefly introduce each component of this suite and leave the details to

another thesis from our lab [144].

sequence.py
+

global 
parameters

sequence.py
+

global 
parameters

1010……

1010……

1010……

Figure 2-1: Personal understanding of the Labscript suite logic. The hardware
communicates with the software, and the data are analyzed, all within the same suite.

The Labscript suite has four major components whose structure is illustrated

in Fig. 2-1: runmanager (r), blacs (B), lyse (l) and runviewer (V). Their roles are

as follows: essentially, the computer communicates with the hardware via blacs.

The blacs initially compiles a “connection table” which indicates what the hardware

apparatuses are and how to control them (the driver and the API that blacs under-

stands). After that, each experiment needs one copy of the abstract form of sequence

description (usually we write in .py scripts) and the set of global variables as param-

eters. The global variables are controlled and maintained on runmanager, which also

specifies what sequence to run next. The hardware also measures things via voltage

I/O, photon counting, camera imaging, or other forms, which is also controlled by

and communicated with blacs. Based on these measurements, lyse will analyze the

results in both shot-by-shot and multi-shot hyper-analysis forms. The runviewer is

an independent tool. It can visualize the sequence that the blacs will send to the

apparatus. This can map the abstract sequence to exactly which device is doing what,

thus very handy to debug.
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The labscript suite automatically supports many devices, ranging from the Na-

tional Instrument card to cameras from a wide range of brands. However, each

experiment would have its own devices that are either unique or uncommon. The

Labscript allows one to write its own interpretation of those devices such that they

can be used by the .py file similar to other devices; for us, we have a few different

FPGA modules and a photon counter.

Besides, we have a bunch of other software tools, such as a few laser control

interfaces; these will be discussed when I introduce them later.

2.1.3 Towards Remote Control

The need for remote control first arises during the lockdown due to COVID. Motivated

by the success of another CUA cold atom lab which was upgraded to operate 7× 24

taking data, we are eager to make our machine remotely controllable. Here, I will

provide ideas on how this could be achieved. However, I will leave the majority of

the tasks for the third generation.

On a good day, the minimal daily routine requires turning lasers and other powers

on and off, rotating a few knobs, and engaging the switches for a few lock boxes, and

that’s it. However, even remotely controlling these is not an easy task.

The first step would be turning things on and off. A voltage-controlled relay will

do this job easily.

Then it comes to when lasers get out of the lock. We need the scheme to detect

the unlock. For lasers locked to ULE cavities (and the experimental cavity locked to

the laser), this can be detected via the drop of the transmission. This relies on the

feature of a real-time detector which can interrupt the running of the labscript. This

is not yet developed.

For the lasers locked to the atomic feature (like the 399nm laser that I will discuss

in Sec. 2.2.1), we have to implement a between-sequence feedback by unlocking the

laser, characterize the feature (i.e., by measuring the SD and mean of the error signals

of the range) and use electric-controlled rotational mount to bring the error signal

to the desired value and adjust the error lockpoint. These have been implemented
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individually but not yet integrated into the full system.

In short, a fully remotely controllable system is very promising, and I hope the

Ybclock lab would achieve this in near future.

2.2 Laser System Upgrades

2.2.1 399nm Laser System

Toptica DL-PRO Solution

For first-generation students, the 399nm laser was a pain to play with. First of all, the

single diode is not powerful enough for all our applications mentioned above. Thus

they used a master-slave laser system, where the master laser is firstly stabilized using

an external cavity diode laser (ECDL). Then, by sending two counter-propagating

lasers into a ytterbium hollow-cathode lamp (HCL), they successfully locked the laser

by the dichroic atomic vapor laser lock (DAVLL) technique [36] to the transition

related to the 171Yb isotope we are interested in. After the slave laser, there were

around 120mW of 399nm power spread in many modes, and only a tiny portion of it

could be collected by the single-mode fiber, which barely satisfied the purpose.
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Figure 2-2: 399nm Laser’s power splitting.

That’s not yet finished. To maintain the high level of output, we need to operate

the slave laser always at a high current, which makes it age very rapidly. Consequently,
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we could not inject it with no other transverse modes excited in late 2020. Since we

were also bothered by the pandemic, we decided to move to a more stable laser

system commercially available at TOPTICA (DLC-DL-PRO-HP-399), with a single

mode output at 150mW and mode-hop free frequency tuning range of 20GHz. We

also adopted the modulation transfer spectroscopy, as in [233], to lock the 399nm

laser such that we now can faithfully get rid of the broad Doppler background, which

sometimes has even stronger noise than our locking signal for the DAVLL locking.

The full scheme is shown in Fig. 2-2. The output from the TOPTICA laser is firstly

beam shaped then split into two paths: the major path with more than 85mW (50mW

after fiber) goes to the MOT, and 10mW (5mW after fiber) is sent to a separate lock

path as in Fig. 2-3. Check the values!!! Especially Imaging powers!!!

Locking scheme and error signal

-4 -3 -2 -1 0 1 2 3 4
0

1

2

3

4

5

6

7

8

coupler

lock to pump

PD
coupler

pump

PD2

AOM

coupler

PBS

PBS

PBS

f = 100mm

iris iris

f = 125mm

f = 300mm

Y
b

H
C

L
E

O
M

λ/2
λ/4

λ/2

λ/2

-4 -3 -2 -1 0 1 2 3 4
0

1

2

3

4

5

6

7

8

9

coupler

lock

PD

PD2

AOM
PBS

PBS

PBS

f = 100mm

iris iris

f = 125mm

f = 300mm

Y
b

H
C

L
E

O
M

λ/2
λ/4

λ/2

λ/2

(a) (b)

Figure 2-3: Two similar 399nm locking schemes. (a) has better mode matching,
and (b) saves power from the low efficiency in the fiber coupling.

As you can note, in Fig. 2-3(a) and (b), we have two different methods for sending

the beam to the HCL. In both cases, the power is allocated by the 𝜆/2 plate and
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the PBS. In Fig. 2-3(a), The laser path splits to the probe path (passing the PBS)

and the pump path (sending into the “to pump” fiber coupler), where the pump path

is connected through fiber for historical reasons such that minimal (re-)alignment

is required. The pump is then focused by a 𝑓 = 300𝑚𝑚 lens and sent through

a modulated EOM, and generates a saturation absorption on ytterbium atoms in

the HCL. The probe light then goes into a standard double-pass AOM setup with

a 𝜆/4 waveplate to let it through the PBS and is then shifted by 80MHz (40MHz

in each pass). Then the light is focused by a 𝑓 = 125𝑚𝑚 lens and sent into the

ytterbium HCL to interfere with the saturation absorption generated by the pump,

and collected by the PD. The signal in PD is amplified and mixed with the same

frequency modulating the EOM and then low-passed. We obtain a clean error signal

of ytterbium 399nm lines by tuning the mixing phase. The typical error signal that

we lock to is as in Fig. 2-4, and with the TOPTICA DLC, we can turn on/off and

lock/unlock/relock the laser remotely.

We note that this method sacrifices the power during the fiber of the “pump” path.

In Fig. 2-3(b), this is directly free-space sent for probe the HCL, and thus the optics

are fine-tuned to make the beam mode match. We thus obtain a larger error signal.

On the other hand, both methods have the probe path that goes into another

PBS, and the majority is reflected back to the AOM, while a small portion passes

through and is collected by a photodetector PD2. Due to the drift of the polarization

after the fiber connection from Fig. 2-2 to Fig. 2-3, the power to the probe path

and the pump path is drifting all the time. We stabilize it by measuring the PD2

and feedback to the first 𝜆/2 plate, which is electronically controlled by a Thorlabs

Motorized Precision Rotation Mount. This makes sure the power on the probe path

is fixed, and since the pump is strong enough to generate saturation, the power does

not affect our signal much.

Imaging And Andor Zyla 5.5 sCMOS Camera

As early as 2020, we were looking for ways to fluorescence or absorption image the

atoms. An early test was done to obtain the atomic ensemble’s size before and after
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Figure 2-4: Doppler-free Yb isotope spectroscopy for 1𝑆0 →1 𝑃1 transition. F = J+I.
Bosonic isotopes (even atomic number) are isospin free (I = 0), and fermionic isotopes
are with isospins: 𝐼171 = 1/2, 𝐼173 = 5/2. The ground state 1𝑆0 has J = 0, so only
nuclear Zeeman splitting could exist, and spans much less than MHz. Thus we only
label isotopes with their 1𝑃1 total angular momentum, and there are two slopes for
Yb-171 and three slopes for Yb-173 (the 𝐹 = 7/2 one is overlapping with 𝐹 = 3/2).
Yellow slopes marked by nonlinear crossover signal (CO) are from nonlinear crossover
signals. Yb-168’s abundance is only 0.13%; therefore, the slope is almost invisible,
and Yb-175 and Yb-169 are not stable with half lifetime 4.2 days and 32 days such
that they cannot exist in the HCL and our ytterbium oven.

the cooling, as we will discuss later in Chap. 5. Since then, we have not used the

imaging system for many years, and thus the alignment is off.

For the next generation of experiments, we need to bring this imaging back to

work. The optical path is fairly simple: we collect the imaging beam from the AOM

as in Fig. 2-2, and send it to another fiber coupling near the chamber to make it a

collimated beam. We align the beam to roughly overlap with the original camera

since it should not be too off and then use the cavity measurement (see Section. 3.4.3

for details) to make sure that this beam can blow atoms away.

In the end, we realized that the imaging path is very abnormal since the coating is

Thorlabs A coating, which is for 350 - 700 nm and is optimized and characterized for

532nm. For 399nm, many numbers may differ a bit. Once these errors add up, the
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situation will get much more complicated. Thus, we use the geometry that a doublet

𝑓1 = 12.5cm focal length lens (AC254-125-A) is placed roughly at the focal length

away from the position of atoms, and another lens with the same specification is about

2𝑓1 separated2. Then another lens (AC254-030-A) with a focal length 𝑓2 = 3cm is

placed 𝑓1 + 𝑓2 = 15.5cm away from the second lens, and a lens with the focal length

𝑓3 = 𝑓1 = 12.5cm is placed 𝑓2 + 𝑓3 away from the third lens. Finally, the camera is

placed 𝑓3 away from the last lens.

Figure 2-5: The 399nm imaging system.

In Fig. 2-6, I show the single shot imaging of atoms in MOT, loaded into the

cavity lattice and loaded into the transverse lattice, respectively.

Figure 2-6: Imaging of atoms using on-resonance 399nm transition.

2Due to the inaccurate position of the first lens, the position of the second lens is optimized to
separated 20cm< 2𝑓1 from the first lens
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2.2.2 556nm Green Light System

The source and locking of the green light have not been changed. To be more compact,

we remade the optics into almost a single plate. The 1112nm light comes from

the Menlo Systems’ P/N Orange one-SHG laser. Most of the power goes into the

frequency doubler and then to the splitting station. The light is split into four major

paths: (1) the probe light, which will send through the cavity to either measure

the atomic state or mediate atom-atom interaction, (2) the strong portion goes to the

MOT for a second stage cooling and trapping, (3) for the optical pumping also through

the cavity to initialize the atomic state, and (4) the transverse Raman cooling path.

Around 18mW goes into the MOT path while other paths all together take around

1mW.
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Figure 2-7: Optics about the 556nm laser. (a) Green light splitting station optical
path scheme. (b) Frequency shifting in both 1112nm and 556nm.

Frequency stabilization

One can notice that all of these paths go through the first double-pass AOM, and

the reason is related to how we lock the frequency of the 1112nm laser. The laser
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is locked by feeding back the error signal to the piezo, which significantly limits the

bandwidth to 1kHz due to the phase lag in the driver. We adopted another method:

instead of stabilizing the frequency of the laser 𝜔1112
𝑙 with such a low bandwidth, we

actually stabilize the frequency shifted by an VCO feed EOM whose frequency can

be rapidly tuned: 𝜔1112
𝑙 +𝜔VCO. Thus, to use the light, we must also shift exactly the

same VCO frequency to stabilize the frequency we use. Note that what we really use

is the frequency-doubled light at 556nm, i.e., 𝜔556
𝑙 = 2×𝜔1112

𝑙 . Consequently, we must

shift by twice the VCO frequency to reach a stabilized frequency 2× (𝜔1112
𝑙 +𝜔VCO) =

𝜔556
𝑙 + 2× 𝜔AOM, and therefore a double-pass AOM is required; and in order to have

a tiny frequency difference control, we add the VCO frequency by an FPGA-based

DDS (Programmed Test Sources Inc., P/N PTS 3200) source as shown in Fig. 2-7(b).

One may suggest that a single-pass AOM with frequency doubling the VCO to feed

an AOM is an alternative; from the frequency perspective, this is correct. However,

from the alignment perspective, this would be like the outgoing light’s direction highly

dependent on the VCO frequency, affecting the fiber coupling alignment afterward.

Thus we adopt the double-pass approach, and it works very well.

This frequency after the double-pass AOM is stabilized to twice the ULE cavity

resonance, which is roughly 2𝜋 × 80MHz above the atomic resonance. Thus we tune

the MOT and the pumping path directly down to around the atomic resonance, and

for the detailed changing of the frequency of these two paths, since they will not

be on at the same time, can be controlled by the 𝜔PTS which goes into the double-

pass AOM. The probe and transverse cooling paths are all shifted to 2𝜋 × 160MHz

above the atomic resonance, and then use a final probe fiber-coupled EOM (ADVR,

P/N WPM-P48P48-AL0) driven by an amplified RF signal driven by another VCO

(Minicircuit ZOS-200+) around 2𝜋 × 160MHz, and directly controlled by an analog

channel3.

3four channels, actually: we combine two tones of RF signals, and we control the frequencies and
amplitudes respectively so in total four channels; for most applications, we only use one of the tones.
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Cooling Path

Among all the ports, the cooling path is new and is essential for the Raman sideband

cooling used for clock operations. We will discuss the details of the cooling process

in Chap. 5.

2.2.3 578nm Clock Laser System

The previous generation of students left us a working clock laser system, but to really

probe 171Yb ’s 7mHz 1𝑆0 ↔ 3𝑃0 transition, we need to make it better. We found two

practical ways: (1) to improve the current setup by understanding everything better

and controlling all the possible noises, and (2) buy a much better though expensive

commercial system and improve on top of that. (1) is essential later if we are going

to build the best clock in the world, but (2) is good enough to save us time and

produce proof-of-principle results. In this subsection, I will discuss our progress in

both directions, and for more details, one can find in Chi Shu’s thesis [209]. Also, I

will explain a few new components compared to the clock laser in its unfinished form

described in the previous generation’s thesis [100, 24].

As in Fig. 2-8, the laser emitted from the Nanoplus DFB110130 is then mode-

shaped by the anamorphic prism pair (Thorlabs PS875-C). Then the light passes

a customized isolator based on the Isowave optical isolator with its output polarizer

replaced by a standard HWP-PBS pair. We then use a 10% sampler (Thorlabs BSF10-

C) to collect a tiny portion of light into the fiber EOM (iXblue NIR-MPX-LN-0.1)

which is then sent back to the PBS that replaces the polarizer of the isolator, which

reflects the light to the isolator and passed through. In total, this gives around 60dB

lower power for the optical feedback of the laser.

Besides the feedback path, the majority of the laser beam passing the sampler is

then isolated by another isolator. Then, using three HWP-PBS pairs, some of the

light is collected for the PDH locking, for a Thorlabs SA200-8B confocal Fabry-Perot

interferometer to determine the power distribution between multi transversal modes,

for power amplification, and one additional auxiliary port.
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Figure 2-8: Optical scheme of the infrared (1157nm) part of the clock laser before
power amplification.

As discussed later in Chap. 6, the performance of the clock laser in its original

form does not provide long enough coherence time. As a consequence, we need to

figure out the causes of the extra noises and fix them.

Fast ECDL Using the EOM Feedback. The EOM-based optical feedback

forms the first step to improving over the first-generation clock laser. First of all,

this is equivalent as the optical feedback via an external cavity, as the light sent

back has a much reduced while controllable power via the HWP-PBS pair, and a

variable phase which can be controlled to the modulation port of the EOM. In order

to make it happen, we requested the specific high-impedance (𝑉load > 104Ω) EOM

from iXblue such that we can drive a few 𝑉𝜋 ∼ 2𝑉 with very low power consumption.

The EOM significantly increases the feedback bandwidth of the ECDL compared with

the piezo-driving external cavity (which has mechanical bandwidth at kHz level), as

demonstrated in a similar laser system by our group [246].

A technically challenging point is the feedback loop is physically very long: the

fiber is in total more than 1m (by taking the refraction of index account, effectively
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this gives 1.5m of optical length), and the free space optics, though very compact,

is also 1m. Thus the total FSR is 120MHz, making it very easy to mode hopping.

Thus we need the Fabry-Perot interferometer to see the different modes and adjust

the feedback strength to maintain as single-mode as possible while still having the

linewidth narrowed down.

Shielding of the PDH EOM. The most important technique for frequency sta-

bilization is the PDH technique, where the EOM is its essential component. However,

the EOM itself is not very good in terms of total-length stability, and thus the pyro-

electric will cause extra polarization drift. Our EOM is PM-0K5-10-PFA-PFA from

EOSPACE, and the observed polarization drift is very large. We thus made an enclo-

sure of the EOM to reduce thermal fluctuation as in Fig. 2-9. We also shield the RF

signal cable to minimize the crosstalk between adjacent RF frequencies for different

applications.

Figure 2-9: The mount of the PDH EOM and the fielding of its modulation signal.

Cancelling the Residual Amplitude Modulation (RAM). Despite the po-

larization drift that is largely stabilized using the enclosure structure, the RAM is one
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Figure 2-10: The gain profile of the SOA at different input power.

important undesired noise of laser locking error signal from the non-zero amplitude

modulation, which occurs when phase modulation is based on the electro-optic effect.

The idea was first proposed by John Hall [244], and more modern architecture can

be found in [251].

Cancelling the Fiber noise. The fiber length could easily fluctuate thermally,

and the tiny fluctuation would cause a huge phase error while delivering the laser

through fibers. This is more severe when we’re talking about the precise laser, such as

the clock laser. Empirically, a 10-meter fiber would cause around 100Hz of frequency

fluctuation, which is intolerable for clocks. Our clock laser’s power amplification, fre-

quency doubling, and final delivery are all through fibers; thus, this must be resolved.

Fortunately, the power amplification stage’s fiber length is very minimal. For the

other two stages, we adopt the scheme [136] for our setup.

Power Amplification. We use the Innolume Semiconductor Optical Amplifiers

(SOA) SOA-1140-90-PM-24dB to amplify the signal at 1157nm. The gain, at the

current 𝐼op = 400mA is given by Fig. 2-10. With 1mW input, the SOA produces

more than 60mW, and eventually saturates at 80mW with 10mW input, 35dB larger

than the amplified spontaneous emission. The frequency doubling, which serves as

the cavity, further suppresses the other modes, making the output laser beam clean

in the spectrum.
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2.2.4 759nm Magic Wavelength Trap Laser System

Story of the Upgrade

The story for the 759nm system is similar to the 399nm system, though the story is

even more dramatic.

We were using the design from the first generation. That one worked pretty

well, and there is even a paper about the whole system [246]. However, the master

laser rapidly aged. Sometimes we even needed to relock the master laser every five

minutes. In late 2019 we finally ordered the Ti:Sapphire laser from MSquared, which

provides enough power for the transverse trap, which is necessary for the squeezed

clock result that I will show in Chap. 6. Before its arrival, we used a tapered amplifier

(TA), which worked fine for a while. However, the TA also burned on December 1st,

2020, which is right about the time we moved to work on the squeezing-unsqueezing

project (discussed in detail in Chap. 7). Fortunately, the MSquared Ti:Sapphire

arrived earlier, and we also set it up, so we can easily move to it. Everything was fine

with the Ti:Sapphire until late 2021, when the power of the 532nm pump laser (aka

Equinox) of the Ti:Sapphire dropped. In the beginning, this was a rare event, and the

tech support could remotely fix the problem by realigning something inside the pump.

This got much more frequency in 2022, even if we followed the suggestion to let the

pump laser run at full current all the time to “stabilize” it. On the other hand, the

MSquared system claimed to significantly revolutionize the Equinox system, which

should be much more stable. Since we indeed needed more power, we got another

one from MSquared in early 2022 and installed it in June. We even removed all the

399nm locking optics to install it, though resetting it up was not very difficult. And

at least till now, both Ti:Sapphire systems have worked smoothly.

Optics for the Ti:Sapphire

The optics for both the 1st and the 2nd Ti:Sapphire are very similar as shown in

Fig. 2-11. The logic is to split it into three paths: one for locking the frequency

by PDH locking to the homebuilt ULE cavity [100, 24], one for sending through the
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Figure 2-11: The optics scheme of the Ti:Sapphire laser. The laser beam is expanded
to be better coupled to optical fibers.

experimental cavity, and the last one for transverse lattice.

Locking of the 759nm Ti:Sapphire

The 759nm Ti:Sapphire laser from M2 is intrinsically quiet; as long as we stabilize

it to its internal etalon, it can be locked almost forever (the record is continuously

locked for a week).

Figure 2-12: Control panels of the M2 Laser. Left is the SolsTiS panel, which controls
the etalon of the Ti:Sapphire. Right is the Equinox panel, which controls the pump
diode and the output power.
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In order to make sure the etalon’s position is not far off, we first measure the wave-

length of the 759nm laser via the wavelength meter (Advantest TQ8325), and change

the etalon tuner in the SolsTiS control panel to match with the record (394.80280THz

now), ±40MHz. Then we engage the etalon locking and use the PDH signal and the

Vescent D2-125 Laser Servo to generate PI signal feeding back to the piezo of the

Ti:Sapphire.
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Chapter 3

How to Model A CQED Spin System

With the apparatus described in Chap. 2, we might want to describe the spin system

in more detail using concepts from atomic physics. And as I have promised, this

should be about the (collective) spin degrees of freedom. The concepts included here

are mostly developed in [125]. Besides what has already been covered there, I will also

provide calculations of the system in a far atom-cavity detuned region as a comparison

with a variety of other experiments that existed.

3.1 Introduction and Explanation

Though having emphasized the importance many times, I would still like to rephrase

why our atoms and atom-like systems placed in an optical resonator are of particular

interest. These systems are able to provide versatile experimental platforms to study

many-body quantum physics, entanglement, quantum simulation and computation,

quantum measurement, dissipative quantum systems, quantum networks, and a vari-

ety of other topics [180, 186, 65, 182, 238, 64, 165, 154, 41]. In these CQED systems,

the optical cavity allows a photon to interact multiple times with all atoms on succes-

sive round trips, which substantially enhances the atom-light interaction as compared

to free space. Often, the atom-light interaction is dominated by the coupling of the

atoms to a single mode of the cavity. For a single atom, such a system is a nearly

ideal experimental realization of the Jaynes-Cummings Hamiltonian [97], while for an
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atomic ensemble, the system approximates the Tavis-Cummings Hamiltonian [223].

The interaction of atoms with multimode optical cavities has also been investigated

[110, 64], and this type of system can produce even more complex dynamics both in

the atomic and photonic subspaces [231, 49, 72, 71, 32, 110].

Typically, two or more atomic energy levels are relevant to the problem, so that

the atomic state can be described by a spin degree of freedom, while each cavity mode

constitutes a harmonic oscillator. And due to the feature that the cavity modes couple

to the atomic transitions in a collective way, the reduced picture of using collective

spin to describe the system starts to attract investigations.

To the lowest order, the atom-cavity interaction generates quantum correlations

(entanglement) between the collective atomic spin and the light mode. What this

means can be understood as the existence of atoms can be treated as a classical

dielectric medium and, therefore, on the cavity side, causes a cavity resonance shift

due to the increased phase accumulated during a round trip; on the atomic side, the

cavity creates an AC Stark shift. These two behaviors of the atom-light interaction

establish the correlations between the cavity photonic state and the atomic spin state.

Higher-order terms can lead to nonclassical states of the light (effective photon-

photon interactions) [195, 229, 75], as well as nonclassical collective spin states (ef-

fective atom-atom interactions) [121, 199, 17, 38, 88, 87, 25, 253], or even hybrid

spin-light states [239, 74]. Such entangled states are useful as building blocks for

quantum metrology [135, 171, 10], quantum networks [105], quantum information

processing [235], and as testbeds for the foundations of quantum mechanics [83].

Usually, the theoretical analyses of the generation of entangled atomic states in

CQED systems have adopted one of two viewpoints: the first focuses on the mea-

surement aspect, whereby the atom-light interaction transfers information about the

atomic spin state onto the light field, and therefore a measurement of the light field

can conditionally project the state of the atoms onto a collective entangled state

[76, 113, 226, 212, 189, 94, 31, 143, 9]. Alternatively, one can view the system from

a quantum feedback perspective [243, 131, 4, 250, 167], where the light-atom interac-

tion maps the spin quantum noise onto the light field [4, 78, 79], and then the light
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→𝑧

(a) (b)

Figure 3-1: (a) Schematic diagram of an ensemble of atoms interacting with a single-
mode cavity of length 𝐿. The incident field ℰin builds up in the cavity to the value ℰ𝑐.
The cavity field is coherently scattered by the atoms into the cavity with amplitude
ℰ𝑀 , and coherently radiated through the cavity mirrors to give the transmitted and
reflected fields ℰ𝑡 and ℰ𝑟. The cavity field scatters from the atoms into free space with
amplitude ℰ4𝜋, and from the cavity mirrors with amplitude ℰ𝑠𝑐, which is assumed to
be zero in a lossless cavity. (b) Level diagram of the atomic three-level system.
|↑⟩ = |𝑔⟩ and |𝑒⟩ are the two states interacting with the cavity light. 𝜔𝑎, 𝜔𝑐 and 𝜔𝑙 are
the atomic, cavity resonance frequencies and the probing light frequency, respectively.
Δ = 𝜔𝑙−𝜔𝑎 and 𝛿 = 𝜔𝑙−𝜔𝑐 are the detunings of probing light from atomic and cavity
resonance, respectively. The curve on the right represents the cavity transmission
spectrum in the presence of atoms, and 2𝑔 is the vacuum Rabi splitting due to the
light-atom interaction when 𝜔𝑎 = 𝜔𝑐. The sphere in the bottom right represents a
Bloch sphere formed by the 𝑁 atoms of spin 1

2
, and the shaded distribution represents

a CSS pointing along polar and azimuthal angles (𝜃, 𝜑) in spherical coordinates where
each atom is in a superposition state cos(𝜃/2) |↑⟩+ sin(𝜃/2)e𝑖𝜑 |↓⟩.
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field acts back onto the spin [94], creating atomic entanglement without the neces-

sity to perform any measurements (cavity feedback squeezing) [200, 130, 120, 40].

While the first approach to generating atomic entanglement builds upon the use of

information contained in the light field, the second approach neglects that informa-

tion altogether [221]. Hence, these two effects have so far been treated separately.

Nonetheless, the two effects originate from the same Hamiltonian so that they are

related, and both need to be considered in practical CQED experiments.

This chapter aims to obtain a unified description of both the measurement-induced

and quantum-feedback-induced generation of entangled many-body spin states in

CQED, considering both of these aspects on an equal footing. Our analysis remains

valid in the regime where both atom-light and effective atom-atom interactions play

a significant role in the system dynamics, and thus neither can be neglected.

We assume that the atomic transition is not saturated by the cavity field. This

means the intracavity photon number per atom is much less than one, and the 2-level

atomic structure is similar to a harmonic oscillator structure. Thus the assumption

allows us to treat the optical field semi-classically, and derive analytical expressions

for the intracavity, transmitted, reflected, and scattered fields, as well as the collective

spin state.

The analysis presented here reveals universal features of the CQED system that

remain valid for arbitrary detuning of the probe light frequency from the cavity and

atomic resonances. We show that the atom-light entanglement strength (i.e., the

measurement strength [78, 79, 99, 189] when the light field is used as a ‘meter’ for the

atomic quantum state) at any light detuning or coupling strength is given by the prod-

uct of three terms: the single-atom cooperativity, the normalized cavity transmission,

and the total number of photons scattered by the atoms into free space. Thus, when

the probe laser frequency is close to the cavity resonance (whether bare or dressed by

atom-cavity interactions) and transmission is high, the atom-photon entanglement is

the dominant effect. Consequently, the generation of interatomic entanglement in a

‘heralded’ fashion by performing a measurement on the light field [143, 28, 61, 52] is

most efficiently accomplished by tuning the light field close to the (dressed) cavity
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resonance.

On the other hand, when the detuning of the probe laser frequency from the cavity

resonance far exceeds the cavity linewidth, and transmission through the atom-cavity

system is low, the atom-light entanglement remains relatively weak, and higher-order

terms take on the leading role [252], generating spin-spin correlations [199, 121, 25].

In this regime, first discovered in Ref. [252] using numerical simulations, the light acts

as a quantum catalyst: the light field mediates the interaction between distant atomic

spins, resulting in entangled many-body atomic states while becoming only weakly

entangled with the atoms. Thus at the end of the interaction process, the state of the

atom-light systems approximately factorizes into a fixed, coherent state of the light

field and a collective atomic spin state displaying interatomic entanglement. Under

appropriate conditions, this entanglement can take the form of a squeezing process

where the quantum projection noise of the collective atomic spin is redistributed along

specific directions, resulting in a squeezed spin state (SSS) [108, 241, 95]. Zhang et

al. [252] have previously pointed out that it is possible to reduce the impact of atom-

light entanglement on cavity-induced spin squeezing by optimizing the detuning of the

probe beam from cavity resonance. However, their analysis is only valid in the limit

of a large detuning between the atomic and the cavity resonances, while a number of

experiments use smaller detunings to maximize the light-atom interaction strength,

and reduce the sensitivity to technical noise [38, 25].

The treatment presented here provides a complete analytical description that ap-

plies for arbitrary detunings between the incident light field, the cavity mode, and the

atomic resonance, and for both weak and strong atom-light coupling, both in terms

of the single-atom cooperativity and the collective cooperativity. Our analysis pro-

vides a unified framework that describes both effects of measurement and quantum

feedback and can thus be used for analyzing and comparing, over the full range of

parameters, CQED experiments that aim to generate entangled atomic states.

The rest of this chapter is organized as follows: we will first develop a general

unified theory. In Sec. 3.2, we describe the general setup of the CQED system and

the assumptions underlying our approach. We also define the collective spin state
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and obtain an effective spin Hamiltonian with the semi-classical coherent light field

in the cavity. Then we focus on the residual effects of the light on the atomic state. In

Sec. 3.3, we introduce the unitary effect, i.e., the Hamiltonian, that the light has on the

atomic state. Due to the symmetry, this Hamiltonian only occurs on the collective spin

states. In Sec. 3.4, we will discuss the generated light-atom entanglement, especially

the concept of quantum Fisher information (QFI) of the light in the context of the

CQED system. Then we will use the first principle method to derive the exact same

two effects under a master equation description in Sec. 3.5. In addition, in Sec. 3.4.6,

we discuss an effect of the light that breaks the symmetry: individual dephasing due

to incoherent scattering into free space. The strong cavity-atom interaction already

efficiently suppresses this effect, leaving the residual decoherence as a small contrast

loss of the collective spin state.

3.2 Interaction between an atomic ensemble and a

cavity mode

An ensemble of two-level atoms inside a cavity with non-degenerate modes is well-

described by the Tavis-Cummings Hamiltonian [97, 223]. This Hamiltonian is valid

if the interaction with one electromagnetic mode dominates. The excitation of the

cavity mode by an incident light field and dissipation by decay from the cavity or

by atomic scattering of the cavity photons into free space are not part of the Tavis-

Cummings Hamiltonian, but can be included phenomenologically [62, 196], or from

first principles [3, 192]. This approximation of a single cavity mode with external

driving and dissipation is in excellent agreement with the majority of CQED exper-

iments where the interaction with other transverse or longitudinal cavity modes can

be ignored [17, 213, 148, 197, 74]. For many applications, it is desirable to have an

analytical and more intuitive description of the atom-light interaction that can be

directly applied to existing experiments and used to guide future applications. Such

experiments often deal with nearly classical light beams containing many photons,

66



where a quantization of the electromagnetic field (beyond the effects of photon shot

noise) is not needed. In this case, it is possible to derive simpler and analytical expres-

sions for the light-atom and the light-mediated spin-spin interaction, as we discuss

below.

When the optical cavity containing an ensemble of atoms is illuminated by a con-

tinuously applied laser beam or a long laser pulse (coherent state of light), one can

often approximate the intracavity, transmitted and reflected light fields as remaining

coherent states, even when the interaction with the atoms is included (for a discussion

of the limits of this approximation, see Sec. 3.2.2). In this limit, the photon anni-

hilation and creation operators can be substituted by the photonic coherent state’s

complex index (or its conjugate) plus a small correction, reducing the problem to

the interaction of atoms with a classical electromagnetic field plus photon shot noise.

This approach is possible as long as tuning the cavity by the atomic spin variation

results in small changes of the intracavity field, i.e. when the atom-cavity interaction

can be linearized. Based on the corresponding effective Hamiltonian describing the

interaction of an ensemble of atomic spins with a classical electromagnetic field, we

can then find analytical solutions for the evolution of the coupled atom-cavity system,

and use these expressions to gain physical insight into the entanglement process.

3.2.1 Atomic states and operators

We consider an atomic level structure where each individual atom in the ensemble has

ground-state levels |↓⟩ and |↑⟩, constituting a spin-1
2

system, as well as an electroni-

cally excited state |𝑒⟩ that couples only to the state |↑⟩. The collective spin operators

are defined as the sum of the spin operators of the 𝑁 atoms,

𝑆̂𝑥,𝑦,𝑧 =
1

2

𝑁∑︁

𝑗=1

𝜎̂𝑗𝑥,𝑦,𝑧 (3.1)
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where the 𝜎̂𝑗𝑥,𝑦,𝑧 are the atoms’ Pauli matrices. Among all possible spin states in the

2𝑁 -dimensional Hilbert space, there is a subspace of symmetric states which satisfy

⟨𝑆 2̂⟩ =
⟨
𝑆̂
2

𝑥 + 𝑆̂
2

𝑦 + 𝑆̂
2

𝑧

⟩
= 𝑆(𝑆 + 1), (3.2)

where 𝑆 = 𝑁/2 is the largest possible value for the total spin. As long as the system’s

Hamiltonian is symmetric in all spins 𝜎𝑗 and the initial state is in this subspace, the

system will remain within this (𝑁 + 1)-dimensional subspace that is much smaller

than the full Hilbert space of dimension 2𝑁 .

We can represent those collective atomic states on a Bloch sphere with radius
√︀
𝑆(𝑆 + 1), e.g., in terms of their Wigner quasiprobability distribution [202]. In

quantum metrology and other applications, the atomic ensemble is initially prepared

in a coherent spin state (CSS) [5], defined as the product state with all individual spins

pointing along the same direction. The CSS along polar and azimuthal angles (𝜃, 𝜑),

as illustrated in Fig. 3-1 (b), has the following expansion in terms of Dicke states

|𝑆, 𝑆𝑧⟩, the joint eigenstates of 𝑆̂
2

and 𝑆̂𝑧 in the symmetric subspace [48, 5, 50]:

|𝜃, 𝜑⟩ =
𝑆∑︁

𝑆𝑧=−𝑆

⎛
⎝ 2𝑆

𝑆 + 𝑆𝑧

⎞
⎠

1/2(︂
sin

𝜃

2

)︂𝑆+𝑆𝑧
(︂
cos

𝜃

2

)︂𝑆−𝑆𝑧

× 𝑒−𝑖(𝑆+𝑆𝑧)𝜑 |𝑆, 𝑆𝑧⟩

(3.3)

For a CSS pointing along the 𝑥-axis, as in Fig. 3-1(b), the uncertainties satisfy

and saturate the Heisenberg uncertainty principle Δ𝑆𝑦Δ𝑆𝑧 = |⟨[𝑆̂𝑦, 𝑆̂𝑧]⟩|/2 = 𝑆/2.

Due to rotational symmetry, we have Δ𝑆𝑦 = Δ𝑆𝑧 =
√︀
𝑆/2. In general, a CSS has a

standard deviation
√︀
𝑆/2 along any direction perpendicular to its mean spin ⟨𝑆⟩.

3.2.2 Classical light field inside a cavity containing an atomic

ensemble

We consider the interaction of the atoms with a single standing-wave cavity mode,

schematically shown in Fig. 3-1. We assume that all 𝑁 atoms are fixed at the cavity
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antinodes, which provides the maximum atom-light coupling, which can be achieved

by double wavelength trapping [119], site-dependent selection [245]. The more general

case of distributed atom positions can be mapped onto the case of uniform coupling

by means of correction factors (of order unity) to the atom number and interaction

strength [222, 89], where the attainable entanglement is suppressed if the temperature

is too high. Nonetheless, we will discuss experimental methods to overcome such

problems in Sec. 5.2. Apart from photon shot noise, we assume the light field to

be classical, i.e., we use coherent states of light in the description. Then the two-

level atom can be approximated as a harmonic oscillator. In the opposite limit,

the ensuing saturation of the atomic state would prevent the atoms from absorbing

further photons. This would effectively induce photon-photon interactions, and in

this limit, the intracavity field can no longer be described by a coherent state, as

has been shown both in the optical domain CQED [204] and in circuit QED systems

[15]. In this work, we always consider a linear atomic response far below saturation.

Note that a linear response also applies to the intermediate probing regime where the

average photon number can exceed one but is still much smaller than the number of

atoms.

The power transmission and reflection coefficients of the mirrors 𝑖 = 1, 2 are

denoted by 𝑇𝑖 = |𝑡𝑖|2 and 𝑅𝑖 = |𝑟𝑖|2, respectively. In general, the mirrors have

losses and therefore 𝑅𝑖 + 𝑇𝑖 < 1. In the following discussion, we consider lossless

mirrors (𝑅𝑖 + 𝑇𝑖 = 1), while in [125], we establish a mapping of a cavity composed

of realistic mirrors with loss onto one with lossless mirrors by means of additional

optical components.

In the following part, we introduce several quantities and relations that charac-

terize the coupling between the atomic ensemble and the cavity. These relations are

derived in Ref. [222].

The cavity-enhanced single-atom cooperativity at an antinode is defined as [222,

Eq. (30)]

𝜂 =
24ℱ
𝜋𝑘2𝑤2

, (3.4)
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where 𝑘 = 2𝜋/𝜆 is the wave number of the light, 𝑤 is the mode waist (1/𝑒2 intensity

radius) of the TEM00 cavity mode, and ℱ ≈ 2𝜋/(2 − 𝑅1 − 𝑅2) is the cavity finesse

for a lossless cavity with mirror power reflectivities 𝑅1, 𝑅2 ≈ 1.

To simplify the following expressions, we define a position-independent mode am-

plitude ℰ via the relation [210]

ℰ = 𝐸(0, 0, 𝑧)

√︂
𝜖0𝑐𝜋𝑤2(𝑧)

2
. (3.5)

This definition applies to a Gaussian beam propagating in the 𝑧 direction with an

1/𝑒2 intensity radius 𝑤(𝑧) at a distance 𝑧 from the mode waist which is located at

𝑧 = 0. 𝐸(0, 0, 𝑧) is the electric field on the mode axis at an antinode at 𝑧. The thus

defined mode amplitudes of the incident, cavity, transmitted, and reflected fields are

denoted by ℰin, ℰ𝑐, ℰ𝑡, and ℰ𝑟, respectively.

The atomic parameter that determines the coupling of the atoms to the cavity is

the atomic polarizability 𝛼̃. For a single two-level atom with transition frequency 𝜔𝑎

and natural linewidth Γ, the polarizability is given by [222, Eq. (1)]

𝛼̃ = 6𝜋𝜖0𝑐
3 Γ/𝜔𝑎

2

𝜔𝑎2 − 𝜔𝑙2 − 𝑖(𝜔3
𝑙 /𝜔𝑎

2)Γ
. (3.6)

In extreme cases where the total solid angle subtended by the cavity modes is sig-

nificant such as in [81], the atomic linewidth Γ in the denominator should be re-

placed by an effective linewidth [81]; however, for most optical cavities the differences

are negligible (< %1). In the limit of moderate detuning from atomic resonance

Δ = 𝜔𝑙 − 𝜔𝑎 ≪ 𝜔𝑎 and strong but not ultrastrong coupling between atoms and

light, corresponding to the condition of the rotating-wave approximation, the atomic

polarization can be approximated by a Lorentzian lineshape:

𝛼̃ ≈ 6𝜋𝜖0
𝑐3

𝜔3
𝑎

𝑖

1− 𝑖Δ
Γ/2

= 6𝜋𝜖0
𝑐3

𝜔3
𝑎

(ℒ𝑑(𝑥𝑎) + 𝑖ℒ𝑎(𝑥𝑎)) . (3.7)

Here 𝑥𝑎≡ Δ
Γ/2

is the normalized detuning of the probe laser (𝜔𝑙) from the atomic res-

onance (𝜔𝑎), while ℒ𝑑(𝑥𝑎) = − 𝑥𝑎
1+𝑥2𝑎

and ℒ𝑎(𝑥𝑎) = 1
1+𝑥2𝑎

are the Lorentzian dispersive
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and absorptive lineshapes, respectively [222].

The amplitude of the intracavity field can then be expressed as

ℰ𝑐 =
ℱ
𝜋

𝑖𝑡1
1 +𝑁𝜂ℒ𝑎(𝑥𝑎)− 𝑖(𝑥𝑐 +𝑁𝜂ℒ𝑑(𝑥𝑎))

ℰin, (3.8)

where 𝑥𝑐 ≡ 𝛿
𝜅/2

with 𝛿 = 𝜔𝑙−𝜔𝑐 is the normalized light-cavity detuning, 𝜅 is the full-

width half-maximum cavity linewidth, and 𝑡1 is the amplitude transmission coefficient

of the input mirror. The real part of the denominator of Eq. (3.8) corresponds to the

absorptive part of the atomic susceptibility, while the imaginary part combines the

dispersive part of the atomic response with the phase shift that occurs when probing

an empty cavity away from resonance.

The transmitted and reflected field amplitudes ℰ𝑡, ℰ𝑟 are similarly given by

ℰ𝑡 = −ℱ
𝜋

𝑡1𝑡2𝑒
𝑖𝑘𝐿

1 +𝑁𝜂ℒ𝑎(𝑥𝑎)− 𝑖(𝑥𝑐 +𝑁𝜂ℒ𝑑(𝑥𝑎))
ℰin (3.9)

and

ℰ𝑟 =
[︂
𝑟1 −

ℱ
𝜋

𝑡21𝑟2𝑒
2𝑖𝑘𝐿

1 +𝑁𝜂ℒ𝑎(𝑥𝑎)− 𝑖(𝑥𝑐 +𝑁𝜂ℒ𝑑(𝑥𝑎))

]︂
ℰin. (3.10)

Here 𝐿 is the length of the standing-wave cavity, and 𝑡2 is the amplitude transmission

coefficient of the output mirror. The transmitted field is simply proportional to

the intracavity field, while the reflected field is a superposition of the light directly

reflected off the input mirror (the term with 𝑟1) and the field leaking out of the cavity

(second term).

From Eq. (3.9), it follows that the power transmission of a symmetric and lossless

cavity is given by

𝒯0 =
|ℰ𝑡|2

|ℰin|2
=

1

(1 +𝑁𝜂ℒ𝑎(𝑥𝑎))2 + (𝑥𝑐 +𝑁𝜂ℒ𝑑(𝑥𝑎))2
. (3.11)

The atomic absorption (first term in the denominator) is determined by the atom

number 𝑁 , the single-atom cooperativity 𝜂, and the absorptive Lorentzian lineshape

ℒ𝑎, while the dispersion of the atom-cavity system (second term in the denominator)
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is given by𝑁 , 𝜂, and the dispersive Lorentzian ℒ𝑑. The transmission of an asymmetric

cavity with mirror power transmissions 𝑇1,2 = |𝑡1,2|2 is given by

𝒯 =
4𝑇1𝑇2

(𝑇1 + 𝑇2)2
𝒯0. (3.12)

The ratio of the photon scattering rate into free space 𝒮 to the photon transmission

rate 𝒯 can be simply expressed as [222]:

𝒮
𝒯 =

2𝜋

𝑇2ℱ
𝑁𝜂ℒ𝑎(𝑥𝑎) (3.13)

The scattering rate into free space is proportional to the rate of photon transmission,

the collective cooperativity 𝑁𝜂, and the absorptive atomic lineshape ℒ𝑎.

3.3 Effective light-induced Hamiltonian for collec-

tive atomic state

The light shift experienced by a polarizable object, in this case, an atomic ensemble,

subject to an electric field 𝐸̂ = 2𝐸̂𝑐 at an antinode of the cavity is given by the

Hamiltonian [68]

𝐻̂dip = −1

2

⃒⃒
𝐸̂
⃒⃒2
Re(𝛼) = −2

⃒⃒
𝐸̂𝑐

⃒⃒2
Re(𝛼), (3.14)

where 𝛼 is the atomic polarizability. For 𝑁̂↑ = 𝑆̂𝑧 + 𝑆 atoms interacting with the

intracavity field, this Hamiltonian using Eqs. 3.7 and 3.8 can be expressed as

𝐻̂dip = −
(︁
𝑆̂𝑧 + 𝑆

)︁
𝜂
|ℰ̂𝑐|2
𝜔

𝜋

ℱℒ𝑑(𝑥𝑎)

= −ℏΩ𝑛̂𝑐
(︁
𝑆̂𝑧 + 𝑆

)︁
.

(3.15)

Here Ω = 𝜋𝜂ℒ𝑑(𝑥𝑎)𝜅/ℱ is the light shift per intracavity photon and 𝑛̂𝑐 = |ℰ̂𝑐|2/(2ℏ𝜔𝜅)
is the intracavity photon number. The operator ℰ̂𝑐, as in (3.8), is a function of the

number of atoms coupling to the cavity, which equals 𝑁̂↑ because only atoms in |↑⟩
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state are coupled to the cavity. Since 𝑁̂↑ = 𝑆̂𝑧+𝑆, the intracavity photon number 𝑛̂𝑐

becomes a function of 𝑆̂𝑧. The above Hamiltonian corresponds to an interaction term

of the form ℏΩ𝑐̂†𝑐̂𝑆𝑧 in the second quantization formalism of Ref. [122, Eq. (2)], with

𝑐 being the photon annihilation operator for the cavity mode, plus an 𝑆𝑧-independent

average shift of the cavity mode frequency 𝜔𝑐 → 𝜔̃𝑐 = 𝜔𝑐 − Ω𝑆. This additional,

𝑆𝑧-independent term can take a different form when both spin levels are coupled to

excited states as in Ref. [122], instead of just one of the levels, as in the present

analysis. Subtracting the average frequency shift, i.e., measuring the cavity detuning

relative to 𝜔̃𝑐, we arrive at the effective atomic Hamiltonian

𝐻̂ = −ℏΩ𝑛̂𝑐𝑆̂𝑧 (3.16)

This Hamiltonian depends on atomic parameters only through the collective (sym-

metric) spin operator 𝑆̂𝑧, and therefore the atomic state remains in the symmetric

subspace of maximal spin 𝑆 defined in (3.2) under the action of this Hamiltonian. The

Hamiltonian depends on the light field only through the intracavity photon number 𝑛̂𝑐

or intensity |ℰ̂𝑐|2. The Hamiltonian 𝐻̂, as given by Eq. (3.16), can also be obtained

by generalizing the Tavis-Cummings Hamiltonian [223], or through the procedure

described in the Supplemental Information of Ref. [40].

3.3.1 Light-induced coherent effects on the collective atomic

spin

For a CSS at the equator with ⟨𝑆̂𝑧⟩ = 0, it is natural to expand the 𝑆̂𝑧-dependent

intracavity photon number 𝑛̂𝑐(𝑆̂𝑧) in the Hamiltonian (3.16) into a Taylor series in

terms of 𝑆̂𝑧:

𝐻̂ = −ℏΩ𝑆̂𝑧
∞∑︁

𝑗=0

𝑆𝑗𝑧
𝑗!

(︂
𝜕𝑗𝑛̂𝑐

𝜕𝑆𝑗𝑧

)︂

𝑆𝑧=0

. (3.17)

The leading term of this expansion is the phase-shift 𝐻̂0 = −ℏΩ⟨𝑛̂𝑐⟩𝑆̂𝑧 with ⟨𝑛̂𝑐⟩ =
𝑛̂𝑐(𝑆𝑧 = 0), which generates a rotation of the collective atomic spin about the 𝑧-axis

of the Bloch sphere. This simply represents the light shift on the atoms associated
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with the average intracavity photon number ⟨𝑛̂𝑐⟩ = 𝑛𝑐(𝑆𝑧 = 0). Using Eqs. (3.8) and

(3.13), the atomic phase shift after a time 𝜏 is

Δ𝜑 = Ω⟨𝑛𝑐⟩𝜏 = 𝜂𝑛t
𝛾

𝑇1 + 𝑇2
2𝑇2

ℒ𝑑(𝑥𝑎) = − 𝑛sc
𝛾

2⟨𝑁↑⟩
𝑥𝑎, (3.18)

which has been expressed in terms of the average transmitted photon number 𝑛t
𝛾 or

the average scattered photon number 𝑛sc
𝛾 . Here 𝑁̂↑ = 𝑆̂𝑧 + 𝑆 is the atom number

operator in the state |↑⟩, and we can use ⟨𝑁̂↑⟩ = 𝑁/2 in the vicinity of the equator.

The ratio of atomic phase shift Δ𝜑 to the transmitted photon number is independent

of the atom number, but is proportional to the single-atom cooperativity 𝜂, which

makes the phase shift measurement a convenient way to measure 𝜂 without requiring

an accurate calibration of the atom number.

The first-order term in Eq. (3.17) is the non-linear light-mediated spin-spin inter-

action term

𝐻̂1 = −ℏ𝜒𝑆̂
2

𝑧. (3.19)

This term represents an 𝑆̂𝑧-dependent rotation of the atomic spin about the 𝑧-axis.

𝐻1 is also known as the one-axis twisting Hamiltonian [108, 212]. Here we see how the

cavity light can act as a quantum catalyst that causes an effective spin-spin interaction

𝑆2
𝑧 between distant atoms. This type of interaction can, e.g., produce SSSs, as first

proposed by Kitagawa and Ueda [108]. The shearing parameter 𝜒 in 𝐻̂1 is given by

𝜒 = −𝜂ℒ𝑑(𝑥𝑎)
(︁
1− 𝑥𝑐𝑥𝑎 + ⟨𝑁̂↑⟩𝜂

)︁
𝒯0

𝒮
⟨𝑁̂↑⟩

. (3.20)

We see that the light-mediated one-axis twisting 𝑆̂
2

𝑧 is proportional to the scattered

photon number: without photon scattering, there is no shearing of the atomic spin.

On the other hand, the shearing strength is proportional to the cooperativity, and

therefore a better cavity (or a larger number of atoms) allows one to reduce the

decoherence associated with the scattering of photons into free space for a given

desired shearing [138].

The shearing acting over a time 𝜏 produces a shearing strength 𝑄, which is defined
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as the differential phase displacement along 𝑆𝑦 per unit 𝑆𝑧 [199, 121]. Its relation to

the OAT Hamiltonian (3.19) can be understood as follows: this is the differential of

the geometric phase accumulation, which equals to the differential of the real phase

obtained by the state, and thus 𝑄 equals to the second order derivatives of the phase

𝑆2
𝑧𝜒𝜏 , with a prefactor of 𝑆 to amplify the effect by the Bloch sphere radius

𝑄 = 𝑆
d2 arg

(︁
𝑒𝑖𝑆

2
𝑧𝜒𝜏
)︁

d𝑆2
𝑧

= 2𝑆𝜒𝜏 = 𝑁𝜒𝜏. (3.21)

For our specific CQED system, in the vicinity of the equator of the Bloch sphere

where 𝑆𝑧 = 0, the shearing strength 𝑄 caused by the atom-light interaction is given

by

𝑄 = −2𝜂ℒ𝑑(𝑥𝑎)(1− 𝑥𝑐𝑥𝑎 + 𝑆𝜂)𝒯0𝑛
sc
𝛾 , (3.22)

where ⟨𝑁̂↑⟩ = 𝑁/2 = 𝑆, such that ⟨𝑆̂𝑧⟩ = 0, has been used. 𝑄 is proportional to the

number of photons scattered by the ensemble and can be used as a parameter that

characterizes the spin squeezing [199, 121, 25], as explained later in Sec. 5.3.

3.4 Light-atom entanglement and non-unitary evo-

lution of the collective atomic state

When deriving the above results for the evolution of the collective atomic spin state

and spin squeezing, we have treated the light field as classical, and described the

atomic evolution as a unitary evolution governed by the effective Hamiltonian 𝐻̂

given in Eq. (3.16). In doing so, we have so far ignored the effect of photon shot

noise fluctuations on the atomic spin, or equivalently, the light-atom entanglement

that builds up during this process [122]. If the information contained in the light field

about the atomic ensemble remains unused, or equivalently, if the quantum state of

the reflected, scattered, and transmitted light fields is traced over, this results in a

decohering process in the atomic subspace, and a mixed, rather than pure, quantum

state of the atoms. In the following, we first characterize the information about
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the atomic state contained in a light field after the interaction, as quantified by the

Fisher information of the light (Section 3.4.1). We then discuss the back action on

the atomic state if this information remains unused (Section 3.4.2). This can be used

to either directly measure the quantum state (Section 3.4.3) or generate the squeezed

state from the measurement (Section 3.4.4). We summarize the effects for Gaussian

states (Section 3.4.5), which have an intuitive geometric meaning. And finally, we

quantify the contrast loss due to the scattering of photons into free space (Section

3.4.6), which on the other hand, is an individual dephasing process that kicks our

quantum state out of the original Hilbert space.

3.4.1 Quantum Fisher Information Available in A Coherent

State of Light: A Measurement Effect

In Sec. 3.2.2 we derived the amplitude and phase of the coherent state of light inside

the cavity in the presence of the atoms, Eq. (3.8). This coherent state |𝛼⟩ will depend

on the number of atoms and their spin state. The light field leaking out of the cavity,

as given by Eqs. (3.9) and (3.10), can then be used to deduce information about the

atomic ensemble. In general, assume we have a coherent state of light |𝛼⟩ depends

on some physical parameter 𝑥, i.e. |𝛼⟩ = |𝛼(𝑥)⟩. We can use the quantity QFI to

develop the measurement uncertainty, where the detailed and more general definition

will be given in Sec. 4.2. Specifically, the QFI is [23, 43, 171]:

𝐹̃ (𝑥) [|𝛼(𝑥)⟩] = 4
(︀
⟨𝜕𝑥𝛼(𝑥)|𝜕𝑥𝛼(𝑥)|𝜕𝑥𝛼(𝑥)|𝜕𝑥𝛼(𝑥)⟩ − |⟨𝜕𝑥𝛼(𝑥)|𝛼(𝑥)|𝜕𝑥𝛼(𝑥)|𝛼(𝑥)⟩|2

)︀
,

(3.23)

where the state derivative is defined as

|𝜕𝑥𝛼(𝑥)⟩ ≡
𝜕 |𝛼(𝑥)⟩
𝜕𝑥

= lim
𝜖→0

|𝛼(𝑥+ 𝜖)⟩ − |𝛼(𝑥)⟩
𝜖

. (3.24)

With tedious calculations as in Appendix D of [125], one has

𝐹̃ (𝑥) = 4

⃒⃒
⃒⃒𝜕𝛼
𝜕𝑥

⃒⃒
⃒⃒
2

, (3.25)
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Figure 3-2: Precision of estimation of an unknown parameter 𝑥 by measurement
of a coherent state of light |𝛼⟩. A change 𝑑𝑥 in some parameter 𝑥 modifies the
amplitude (blue) and phase (green) of |𝛼(𝑥)⟩. The optimum amount of information
about 𝑑𝑥 can be extracted by measuring the state quadrature along the direction of
change 𝜕𝛼/𝜕𝑥 of the coherent state, which in general, is a combination of phase and
amplitude measurements. The shot noise of the coherent state of light (color-shaded
area) limits the precision of the measurement.
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and the quantum Cramér-Rao bound [82, 23, 135, 171] for the variance associated

with estimating the parameter 𝑥 is given by

(Δ𝑥)2 =

(︂
2

⃒⃒
⃒⃒𝜕𝛼
𝜕𝑥

⃒⃒
⃒⃒
)︂−2

(3.26)

Often measurements are performed on either the power or the phase of the light

field emanating from the cavity. In this case, it is useful to consider the amplitude

𝐴 and phase 𝜑 of the coherent state, 𝛼 = 𝐴𝑒𝑖𝜑, in order to separate the QFI into its

amplitude component 𝐹̃𝐴 and phase component 𝐹̃ 𝜑,

𝐹̃ (𝑥) = 𝐹̃𝐴 + 𝐹̃ 𝜑 = 4

⃒⃒
⃒⃒𝜕𝐴
𝜕𝑥

⃒⃒
⃒⃒
2

+ 4𝐴2

⃒⃒
⃒⃒𝜕𝜑
𝜕𝑥

⃒⃒
⃒⃒
2

. (3.27)

In general, neither amplitude nor phase alone contains the full information about the

atomic system available in the light field. Nevertheless, the full QFI can always be

extracted by performing a homodyne measurement of the coherent state |𝛼⟩ with op-

timized phase offset and amplitude (see Fig. 3-2). If we only measure the transmitted

and reflected power instead of performing the optimum state detection, the variance

in the estimation of parameter 𝑥 will equal 𝐹̃
−1

𝐴 with the best analysis.

In the context of the CQED system displayed in Fig. 3-1, the expression for the

QFI, Eq. (3.25), leads to two consequences. If the parameter 𝑥 is chosen to be the

collective atomic spin 𝑆𝑧 (see Section 3.2.1), then Eq. (3.25) quantifies the amount

of entanglement between the collective atomic state and light, or equivalently, the

information imprinted onto the state of the light by the atoms. So the QFI of the

light with respect to the atomic state, normalized to the atomic state shot noise, tell us

how much measurement-based spin squeezing can be attained by an optimal probing

scheme. Second, even if the light is not used for measurement, as in cavity feedback

squeezing [121, 199], the QFI still describes the amount of excess quantum backaction

on the atomic state by the input light: discarding the information contained in the

light field, or equivalently, tracing over the state of the light field, results in the excess

variance of the atomic spin state above the minimum imposed by the Heisenberg
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uncertainty relations for angular momentum.

3.4.2 Measurement Backaction

In quantum mechanics, any process that yields information about some variables is

associated with backaction onto any non-commuting variables to maintain the un-

certainty relation [33, 55, 247, 146]. If that information is not used, the uncertainty

relation becomes a true inequality, and the initially pure quantum state turns into a

mixed state, exhibiting excess broadening. In the case of spin squeezing, the effective

Hamiltonian, Eq. (3.16), entangles the 𝑆𝑧 component of the atomic spin with the

intracavity photon number, such that the light field leaving the cavity serves as a

meter of 𝑆𝑧. Hence in this case, one can think of the unused information contained in

the light field as causing additional broadening in the 𝑆𝑧 direction compared to the

information about 𝑆𝑧 that would be available to a perfect observer. From an alter-

native viewpoint, the original 𝑆𝑧 distribution remains unchanged. Still, the photon

shot noise of the light causes an additional broadening of 𝑆𝑦 compared to a (noiseless)

classical light field due to the uncertainty in the light shift on the atoms [199, 122].

These processes result in a mixed state of the atomic spin with Δ𝑆𝑧Δ𝑆𝑦 > 𝑆/2.

To quantify those effects, consider a CSS pointing along the 𝑥-axis as in Fig. 3-

5(a). From Eq. (3.16), we know that photons only couple to the 𝑆𝑧 quadrature, and

therefore the backaction-induced antisqueezing must manifest itself in the 𝑆𝑦 quadra-

ture. The coherent light probes the physical quantity 𝑆𝑧 and therefore generates a

back action quantified by the QFI in the light field 𝐹̃ . We define the normalized QFI

of the light,

𝐹 =
2

𝑆
𝐹̃ . (3.28)

The quantity 1+𝐹 represents the factor by which a perfect measurement of the light

field can reduce the spin variance below the SQL variance of the CSS,

(Δ𝑆𝑧)
2
cond =

𝑆

2 (1 + 𝐹 )
, (3.29)
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and the back action by the probing light thus causes broadening in the 𝑆𝑦 direction,

resulting in a total variance

(Δ𝑆𝑦)
2 =

𝑆

2
(1 + 𝐹 ) , (3.30)

Here the first term 𝑆/2 accounts for the variance of the original CSS, while the second

term 𝐹𝑆/2 is due to the back action.

The complete information about the spin state of the ensemble is contained in the

field amplitudes and phases of the transmitted light, reflected light, and free-space

scattering. We note that the electric field amplitude ℰ is related to the coherent-state

index 𝛼 in Sec. 3.4.1 via ℰ = 𝛼
√︀
2ℏ𝜔/𝜏 , where 𝜏 is the probing time. Therefore, we

can use Eqs. (3.9), (3.10) and (3.25) to evaluate the total QFI about the atomic state

that is available in the light field:

𝐹 =
⟨𝑁̂↑⟩𝜏
ℏ𝜔

(︁
𝑇2 + 𝑇1𝑅2 +

𝜋

ℱ ⟨𝑁̂↑⟩𝜂ℒ𝑎(𝑥𝑎)
)︁ ⃒⃒
⃒⃒ 𝜕ℰ𝑐
𝜕𝑁↑

⃒⃒
⃒⃒
2

. (3.31)

Using the expression for the intracavity field, Eq. (3.8), we can simplify (3.31) to

obtain

𝐹 = 2𝑛sc
𝛾 𝜂ℒ𝑎(𝑥𝑎)

(︂
1 + 𝑥2𝑎 +

𝑆𝜂

2

)︂
𝒯0

= 2𝑛sc
𝛾 𝜂ℒ𝑎(𝑥𝑎)

(︁
1 + 𝑥2𝑎 +

𝜈

4

)︁
𝒯0,

(3.32)

where 𝜈 = 𝑁𝜂 and ⟨𝑁↑⟩ = 𝑁/2 = 𝑆 has been substituted. For fixed ⟨𝑁↑⟩𝜂, the

spectrum of the coupled atom-cavity system (3.8)-(3.10) remains the same, while

according to (3.32) the QFI carried by photons scales linearly with the cooperativity

𝜂. This equation also demonstrates an important principle of optical measurements:

The information available about the system is inevitably proportional to the average

number of photons that have been scattered into free space 𝑛sc
𝛾 . The higher the cavity

cooperativity 𝜂, the more information about the atomic system can be extracted per

scattered photon. Note that in the limit of small photon numbers, it is possible to gain

more information per scattered photon by the use of postselected measurements, see,
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e.g., Refs. [143, 73]. However, averaged over many realizations of the measurement,

the available information gain is proportional to the scattered photon number, as

expressed by Eq. (3.32). When this information 𝐹 is extracted from the light field,

it can serve to conditionally squeeze the atomic spin noise in the 𝑆𝑧 direction by

a factor (1 + 𝐹 )−1, i.e., (Δ𝑆𝑧)
2
𝑐𝑜𝑛𝑑 = 𝑆/2

1+𝐹
. At the same time, Δ𝑆𝑦 is increased by

the back action to (Δ𝑆𝑦)
2 = 𝑆

2
(1 + 𝐹 ), thus maintaining the Heisenberg uncertainty

for angular momentum, Δ𝑆𝑦Δ𝑆𝑧 ≥ 𝑆
2
. If the information in the light field remains

unused, then the increased Δ𝑆𝑦 describes the broadening of the state along 𝑆𝑦 that

at the microscopic level is due to the photon shot noise in the incident light.

The complete QFI expressed by Eq. (3.32) can further be separated into two parts.

The first two terms inside the parenthesis correspond to the information contained in

the transmitted and reflected light fields that do not provide access to the state of any

individual atom, but only to the collective spin, i.e., the symmetric state of the atoms.

On the other hand, the last term, which is proportional to the collective cooperativity

𝑆𝜂, originates from free-space scattering, and reveals local spin fluctuations that take

the system out of the symmetric spin space.

With the help of Eq. (3.22), we can write a relation between the Fisher information

𝐹 and the squeezing parameter 𝑄:

𝑄

𝐹
= 𝑥𝑎

1− 𝑥𝑐𝑥𝑎 + 𝑆𝜂

1 + 𝑥2𝑎 +
𝑆𝜂
2

. (3.33)

3.4.3 Example: (Strong) Cavity Measurement of the Atomic

State

In this section, we derive the spin resolution that can be obtained with an optical

measurement probing the cavity. A more specific discussion is provided in Ref. [230].

Related approaches to the non-destructive detection of the atom number using a

high-finesse cavity have been investigated in Ref. [31, 85].

Our goal here is to derive the measurable amount of Fisher information 𝐹meas(𝑆𝑧)

about the collective atomic spin operator 𝑆𝑧 = 𝑁↑ −𝑁↓ that is available in the light
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field. This information is contained in the reflected and transmitted fields ℰ𝑟 and

ℰ𝑡, but not in the scattered light, so it is not the same as total Fisher information,

Eq. (3.31). The measurement resolution of 𝑆𝑧 is thus characterized by the Fisher

information contained in the reflected and transmitted fields,

𝐹meas(𝑆𝑧) = 4𝜏𝑇tot

⃒⃒
⃒⃒ 𝜕ℰ𝑐
𝜕𝑆𝑧

⃒⃒
⃒⃒
2

, (3.34)

where 𝑇tot = 𝑇2 in the case where only the transmitted photons are measured, and

𝑇tot = 𝑇1 + 𝑅2𝑇1 ≈ 𝑇1 + 𝑇2 when both the transmitted and reflected photons are

detected. Evaluating Eq. (3.34) using Eq. (3.8), we find

𝐹meas(𝑆𝑧) = 4𝜏𝑇
ℱ2

𝜋2
𝑇1|ℰin|2𝜂2ℒ𝑎(𝑥𝑎)𝒯 2

0 , (3.35)
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Figure 3-3: (a) QFI per scattered photon per atom for different types of measure-
ments. The solid blue line and the yellow dashed line correspond to the amplitude
and phase components of the total QFI 𝐹A and 𝐹𝜑, respectively. The green dotted
line represents the QFI 𝐹 chirp

A for a chirped two-color measurement of the transmission
amplitude through the cavity, which equals the total QFI 𝐹A + 𝐹𝜑; (b) The normal-
ized total QFI for a chirped two-color measurement as a function of the cavity-atom
detuning. The QFI is quite sensitive to the symmetry of the transmission lineshape,
see text.

Experimentally, the intensity of the light field can be measured directly by a
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photodetector, while a measurement of the phase requires interference with a signal

that oscillates at a similar optical frequency. As shown in Fig. 3-3(a), the measurable

Fisher information is contained primarily in the phase component of the light field.

Usually, a homodyne or heterodyne measurement is used to retrieve the information

contained in the phase. For a situation where the cavity is on resonance with the

atomic transition, and the coupled system exhibits a spectrum with Rabi splitting, it

is possible to use the transmitted or reflected light in a two-color chirp measurement

with two balanced sidebands [24, 25]. In this measurement scheme, one generates

two balanced sidebands with frequencies 𝜔± = 𝜔𝑐 ± 𝜔𝑚, where 𝜔𝑚 is the modulation

frequency that can be controlled. The transmitted field represents an interference

of the two components with a beat note at 2𝜔𝑚, which contains the desired phase

information. The QFI of the transmitted light in such a measurement is

𝐹 chirp
t = 4𝜏𝑇

⃒⃒
⃒⃒𝜕ℰ

chirp
𝑐

𝜕𝑆𝑧

⃒⃒
⃒⃒
2

, (3.36)

which equals the sum of the QFI contained in the two sidebands. In addition to re-

covering all of the QFI from the transmitted field, this two-color measurement scheme

suppresses the effects of laser and cavity noise by probing both cavity resonances at the

same time. However, this approach requires a symmetric transmission lineshape, as

in Fig. 3-3(b). The simulation is performed with a cavity linewidth 𝜅 = 2𝜋×520 kHz

and an atomic linewidth Γ = 2𝜋 × 184 kHz, corresponding to the parameters of the

experiment in Refs. [25, 168]. The simulation shows that for 𝑁↑𝜂 = 𝑁↓𝜂 = 900, when

the cavity is detuned by only 𝜅/10 from atomic resonance, the total Fisher informa-

tion in the two-color chirp measurement drops by a factor of 2. Therefore when using

this scheme, it is very important to keep the cavity in resonance with the atomic tran-

sition, or, equivalently, to make the cavity transmission lineshape symmetric around

the bare-cavity resonance.

For the systems where Raman scattering occurs, like for our 171Yb or Rb CQED

systems, an atom in the state |↓⟩ can be excited by a cavity photon to the state |𝑒, ↓⟩
and subsequently, spontaneously decay into |↑⟩. This causes an undesired random
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Figure 3-4: Measurement quality of the system 𝜎2
𝑑 (variance of measurement spin noise

normalized to SQL) for the chirped two-color measurement, with total atom number
𝑁 = 1000, single atom cooperativity 𝜂 = 1.8 and the total quantum efficiency for
detecting photons is 𝑞 = 0.15. The solid black curve corresponds to the theoretical
model including both the total QFI and Raman scattering noise, and the dashed black
curve only includes the QFI contained in the transmission amplitude. The red points
are experimental data from [25]. The detection limit 𝜎2

𝑑 first improves with photon
number 𝑛𝑑 as the fractional photon shot noise is reduced, and then increases with 𝑛𝑑
due to spontaneous Raman scattering.

spin-flip and results in an additional variance

(Δ𝑆𝑧)
2
R = 𝑅↓↑𝜏 (3.37)

where 𝑅↓↑ is the Raman scattering rate on the particular spin flipping transition

|↓⟩ → |𝑒 ↓⟩ → |↑⟩, and 𝜏 is the probing time.

The Raman scattering effect sets the limit of the performance of the optical 𝑆𝑧

measurement. The variance of the 𝑆𝑧 measurement is composed of two terms, one

being the inverse attainable QFI contained in the light field, and the other the Raman

scattering induced spin flip noise as in Eq. (3.37):

(Δ𝑆𝑧)
2
meas =

1

1 + 𝐹meas

+ (Δ𝑆𝑧)
2
R (3.38)

The result from both contributions is summarized in Fig. 3-4. At small photon
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number 𝑛meas
𝛾 , the detected variance is dominated by the low QFI contained in the

light field, and therefore scales as 1/𝑛meas
𝛾 . In the limit of large photon number, the

variance is dominated by the Raman scattering and scales linearly with 𝑛meas
𝛾 . For

the parameters of Fig. 3-4, corresponding to the experiment in Ref. [25], the best

measurement quality is obtained with ∼ 500 detected photons, and corresponds to

a resolution of 11 dB below the SQL. The measured resolution was 3 dB above the

theoretical optimal resolution with the same parameters.

3.4.4 Example: (Weak) Quantum Nondemolition Measure-

ment Squeezing Experiments

The measurement of the collective atomic state can, on the other hand, be used as a

weak measurement where the whole process scatters a negligible amount of incoherent

photons. Thus the state remains in the same Hilbert space but is projected into a

reduced range of the 𝑆̂𝑧 distribution. This coincides with people’s dream of generating

metrological useful quantum states, which I will describe in more detail in Chap. 4.

This idea, also known as quantum non-demolition measurement (QND), is first

discussed [113, 218] and implemented [114] in dilute free-space quantum gas systems,

and the first proof of metrological spin squeezing is achieved later in 2009 [4]. People

also realized that the cavity, which offers strong atom-light interaction and reduced

incoherence in the process, should, in principle, gives better performance. Such a

method is first demonstrated in a far-detuned (dispersive) atom-cavity system [199],

and similarly in [88].

However, we know that in the dispersive regime, the cavity’s nonlinearity only acts

as a perturbative second-order effect, which is significantly reduced. The measurement

should also work in the Rabi-splitting regime, which we discussed a lot previously.

This has been theoretically analyzed in [31]. Meanwhile, many groups have also done

such experiments [30, 17, 38].

In [31], and related works in James Thompson’s group, the measurement is inferred

by analyzing one of the Rabi splitting peaks. As seen in Fig. 3-3, at the peak, the
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QFI is indeed completely in the phase direction. That, however, doesn’t mean that

in general, the measurement is most efficient by measuring the phase.

Here we introduce a method to use the feature of the symmetric property of the

vacuum Rabi splitting to down-convert the optical frequency information using the

self-heterodyne to the RF frequency and, therefore, fully capture using the fast photon

counter card.

3.4.5 Gaussian State Representation
8
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FIG. 4. Illustration of the e↵ects of the atom-light interaction on a CSS. (a) Original CSS on the equator of the Bloch sphere,
hSzi = 0. (b) The e↵ect of a single-shot optical measurement (see text) with usable QFI Fuse and total QFI Ftot, which
displaces the state along Sz based on the measurement outcome and yields a resolution beyond the SQL (measurement-based
spin squeezing), while broadening it along Sy due to the measurement backaction. (c) The envelope arising from averaging over
many repeated measurements or equivalently, tracing over the light field, showing broadening along Sy. (d) Phase shift �� due
to the atom-light interaction, Eq. (18). (e) The e↵ect of single-axis twisting with shearing strength Q. (f) The complete final
state for cavity spin squeezing including all the discussed e↵ects: First-order phase shift, shearing, and state broadening due
to unused information F contained in the light field. The equations below each plot give parametric expressions (S̃y(✓), S̃z(✓))
with ✓ 2 [0, 2⇡) for the uncertainty ellipses of the atomic states which are indicated by dotted lines in the same colors as the
states. In (c-f) the dashed red circle represents the uncertainty circle for the original CSS for comparison.

unchanged, but the photon shot noise of the light causes
an additional broadening of Sy compared to a (noiseless)
classical light field due to the uncertainty in the light
shift on the atoms [22, 110]. These processes result in a
mixed state of the atomic spin with �Sz�Sy > S/2.

To quantify those e↵ects, consider a CSS pointing
along the x-axis as in Fig. 4(a). From Eq. (16) we know
that photons only couple to the Sz quadrature, and there-
fore the backaction-induced antisqueezing must manifest
itself in the Sy quadrature. The coherent light probes
the physical quantity Sz and therefore generates a back
action quantified by the QFI in the light field F̃ (see
Eq. (D9)). We define the normalized QFI of the light,

F =
2

S
F̃ . (26)

The quantity 1+F represents the factor by which a per-
fect measurement of the light field can reduce the spin
variance below the SQL variance of the CSS,

(�Sz)
2
cond =

S

2 (1 + F )
, (27)

and the back action by the probing light thus causes
broadening in the Sy direction, resulting in a total vari-
ance

(�Sy)
2

=
S

2
(1 + F ) , (28)

Here the first term S/2 accounts for the variance of the
original CSS, while the second term FS/2 is due to the
back action.

The complete information about the spin state of the
ensemble is contained in the field amplitudes and phases
of the transmitted light, reflected light, and free-space
scattering. We note that the electric field amplitude E
is related to the coherent-state index ↵ in Sec. III A via
E = ↵

p
2~!/⌧ , where ⌧ is the probing time. Therefore,

we can use Eqs. (9), (10) and (24) to evaluate the total
QFI about the atomic state that is available in the light
field:

F =
hN̂"i⌧
~!

⇣
T2 + T1R2 +

⇡

F hN̂"i⌘La(xa)
⌘ ����

@Ec

@N"

����
2

.

(29)

Using the expression for the intracavity field, Eq. (8),
we can simplify (29) to obtain

F = 2nsc
� ⌘La(xa)

✓
1 + x2

a +
S⌘

2

◆
T0

= 2nsc
� ⌘La(xa)

⇣
1 + x2

a +
⌫

4

⌘
T0,

(30)

where ⌫ = N⌘ and hN"i = N/2 = S has been sub-
stituted. For fixed hN"i⌘, the spectrum of the coupled
atom-cavity system (8)-(10) remains the same, while ac-
cording to (30) the QFI carried by photons scales linearly

Figure 3-5: Illustration of the effects of the atom-light interaction on a CSS. (a)
Original CSS on the equator of the Bloch sphere, ⟨𝑆𝑧⟩ = 0. (b) The effect of a single-
shot optical measurement (see text) with usable QFI 𝐹𝑢𝑠𝑒 and total QFI 𝐹𝑡𝑜𝑡, which
displaces the state along 𝑆𝑧 based on the measurement and yields a resolution beyond
the SQL (measurement-based spin squeezing), while broadening it along 𝑆𝑦 due to
the measurement backaction. (c) The envelope arising from averaging over many
repeated measurements shows broadening along 𝑆𝑦. (d) Phase shift Δ𝜑 due to the
atom-light interaction in zeroth order, Eq. 3.18. (e) The effect of single-axis twisting
with shearing strength 𝑄. (f) The complete final state for cavity spin squeezing
with all phase shift, shearing, and state broadening due to unused information 𝐹
contained in the light field. The equations below each plot give parametric expressions
(𝑆̃𝑦, 𝑆̃𝑧) = (cos 𝜃, sin 𝜃) with 𝜃 ∈ [0, 2𝜋) for the uncertainty ellipses of the atomic states
which are indicated by dotted lines in the same colors as the states. In (c-f) the dashed
red circle represents the uncertainty circle for the original CSS for comparison.

In this part, I will develop a simple formalism to describe the transformation of

Gaussian states in the limit where the state occupies a small region on the Bloch
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sphere. Collective spin states near the CSS are good examples of Gaussian states

that have significant roles in quantum information science [235]. The CSS state can

be described by a symmetric Gaussian distribution when projected along any spin

quadrature perpendicular to the spin’s mean direction. When the shearing parameter

𝑄 and the QFI 𝐹 are small, the local Bloch sphere can be approximated by a 2D

Cartesian frame, and the state can be represented by a Gaussian distribution. This

also corresponds to the Holstein-Primakoff approximation [86].

The CSS along the 𝑥-axis has a Wigner quasi-probability distribution 𝑃 (𝑆𝑦, 𝑆𝑧) ∝
e−2(𝑆2

𝑦+𝑆
2
𝑧 )/𝑁 , or,

𝑃 (𝑆𝑦, 𝑆𝑧) ∝ exp

⎡
⎣−1

2

(𝑆𝑦 𝑆𝑧)
Σ−1

⎛
⎝𝑆𝑦
𝑆𝑧

⎞
⎠
⎤
⎦ , (3.39)

where the inverse covariance matrix Σ−1 is an identity matrix with a prefactor of the

standard quantum limit (SQL) unit of variance: Σ−1 = (2/𝑆) I2. Other Gaussian

states that are centered along the 𝑥-axis can all be described similarly but with a

different inverse covariance matrix.

Let’s look at an example: starting from a CSS along the 𝑥 axis, entangled atomic

states can be generated via a Hamiltonian unitary evolution as discussed in Sec. 3.2,

or by a measurement as described in Sec. 3.4.

First, consider the one-axis twisting, 𝐻̂2 = −ℏ𝜒𝑆̂
2

𝑧. In an infinitesimal time step

d𝑡, the one-axis twisting transforms a point on the collective Bloch sphere according

to ⎛
⎝𝑆𝑦(𝑡+ d𝑡)

𝑆𝑧(𝑡+ d𝑡)

⎞
⎠ =

⎛
⎝1 𝑁𝜒d𝑡

0 1

⎞
⎠
⎛
⎝𝑆𝑦(𝑡)
𝑆𝑧(𝑡)

⎞
⎠ ,

which generates a unitary evolution of the covariance matrix as

Σ(𝑡+ d𝑡) = 𝑈Σ(𝑡)𝑈 †, (3.40)
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where

𝑈 =

⎛
⎝1 𝑁𝜒d𝑡

0 1

⎞
⎠ .

When including the non-unitary effect of the QFI, the covariance matrix trans-

forms such that the product of eigenvalues is no longer normalized to the SQL. With

constant strength of measurement, i.e. a QFI that increases linearly in time, the

broadening along the 𝑆𝑦 axis is also linear in time, i.e., the (1, 1) element of the

covariance matrix evolves as

Σ(1, 1)(𝑡+ d𝑡) = Σ(1, 1)(𝑡) + 𝐹̇d𝑡 (3.41)

where 𝐹̇ is the normalized QFI rate, and with a constant probing rate, 𝐹̇ = 𝐹/𝑡 and

𝑄̇ = 𝑄/𝑡 = 𝑁𝜒. It turns out that the effects described by Eqs. (3.40) and (3.41)

commute with each other, giving

Σ =
𝑁

4

⎛
⎝1 + 𝐹 +𝑄2 𝑄

𝑄 1

⎞
⎠ . (3.42)

One can apply the above discussion of the covariance matrix to the paramet-

ric description of the 1/𝑒 boundary of the quasi-probability distribution on the Bloch

sphere. For example, the squeezing transforms the curve (cos 𝜃, sin 𝜃)T to 𝑈 ·(cos 𝜃, sin 𝜃)T =

(cos 𝜃 + 𝑁𝜒d𝑡 sin 𝜃, sin 𝜃)T, as shown in Fig. 3-5 (e). For the effect of QFI induced

broadening, using (3.39) we have that the new boundary is given by

𝑆̃
2

𝑦/(1 + 𝐹̇d𝑡) + 𝑆̃
2

𝑧 = 1,

which corresponds to a parametric description of (𝑆̃𝑦, 𝑆̃𝑧) = (
√︀

1 + 𝐹̇d𝑡 cos 𝜃, sin 𝜃)

where 𝜃 ∈ [0, 2𝜋). Note that for individual measurements, the state is actually

projected to a random state centered at (⟨𝑆𝑧⟩, 0) with a probability 𝑃 (⟨𝑆𝑧⟩) ∝
exp(−2𝑆2

𝑧/𝑁) and a variance along the 𝑧-direction that is reduced by a factor of

1 + 𝐹use. Here 𝐹use is the usable fraction of the total QFI but broadened along the
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𝑦-direction as quantified by the same 𝐹tot we discussed above. This individual projec-

tion looks like the one in Fig. 3-5 (b); however, if we only care about the deterministic

effect where the light state is traced over, the effect is depicted as in Fig. 3-5 (c).

In addition, in this description, the atomic state can deviate from the 𝑥-axis by

the first order phase shift effect 𝐻̂0 = −ℏΩ⟨𝑛̂𝑐⟩𝑆̂𝑧, which translates (cos 𝜃, sin 𝜃) to

(cos 𝜃 + Δ𝜑̃, sin 𝜃), as in Fig. 3-5 (d). Here Δ𝜑̃ is the normalized phase shift and

relates to the phase shift Δ𝜑 in (3.18) by Δ𝜑̃ =
√
𝑁Δ𝜑.

3.4.6 Photon scattering: Individual Dephasing

When one photon is scattered by the atomic ensemble into free space, the particular

atom that scatters this photon gains a random phase (or equivalently, is projected

into a particular internal state) and therefore no longer retains coherence with the

other atoms. Given 𝑛sc
𝛾 scattered photons and an average number of scattered photons

per atom 𝑝 = 𝑛sc
𝛾 /𝑁 , the Poissonian probability for any particular atom to not have

scattered any photons is given by

𝐶sc =
𝑝0𝑒−𝑝

0!
= 𝑒−𝑛

sc
𝛾 /𝑁 . (3.43)

This is also the contrast limit of a phase-sensitive atomic signal, as measured, e.g., in

a Ramsey sequence, due to photon scattering. As we have seen above (Eq. (3.22)),

light-induced spin squeezing is impossible without scattering photons, and thus some

contrast loss is inevitable. Therefore, in practical applications, one must carefully

balance the potential metrological gain provided by spin squeezing against the detri-

mental effects of decoherence.

Besides the scattering-induced contrast loss, there exists another type of contrast

loss that is due to the antisqueezing of the state around the Bloch sphere, perpen-

dicular to the squeezed direction, which shortens the average collective spin vector

|⟨S⟩| = 𝐶Bloch𝑆. (This process occurs even in the absence of photon scattering sim-

ply due to the deformation of the state.) This contrast loss is well approximated by

𝐶Bloch = exp
(︁
−𝑄2

2𝑁

)︁
. Combining those two contrast loss mechanisms, we obtain the
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total contrast as

𝐶 = 𝐶sc𝐶Bloch = exp

(︂
−𝑛

sc
𝛾 +𝑄2/2

𝑁

)︂
. (3.44)

This fundamental contrast reduction for phase-sensitive measurements affects the

performance of spin-squeezed atomic clocks [88, 38, 168, 92] and other interference-

based atomic sensors [4, 207, 25, 7].

3.5 First-principle approach

The approach developed in Sec. 3.3 and Sec. 3.4 is based on semiclassical cavity field,

and our imposed photon shot noise on coherent photonic state, but the obtained

effective Hamiltonian (3.15) is equivalent to a microscopic model, as also similarly

presented in Ref. [40]. Here we derive our Hamiltonian from a microscopic model

of the atom-light interaction in the mean-field limit. We consider a three-level atom

as in Sec. 3.2, and an optical cavity mode (represented by its annihilation operator

𝑏̂) interacting with the |↑⟩ state with coupling strength 𝑔 =
√
𝜂𝜅Γ/2 [222]. Also,

we define the raising and lowering operators 𝑎̂(†)𝑒,↑ for the atomic states. The full

Hamiltonian is

𝐻̂ =𝜔𝑐𝑏̂
†
𝑏̂⏟  ⏞  

𝐻c

+𝜔𝑎𝑎̂
†
𝑒𝑎̂𝑒⏟  ⏞  

𝐻a

+ 𝑔
(︁
𝑏̂𝑎̂†𝑒𝑎̂↑ + ℎ.𝑐.

)︁

⏟  ⏞  
𝐻int

+

√︂
𝜅

2

2𝑇1
𝑇1 + 𝑇2

[︁
𝛽*𝑏̂

−𝑖𝜔𝑙𝑡
+ 𝛽𝑏̂

†
𝑒𝑖𝜔𝑙𝑡

]︁

⏟  ⏞  
𝐻̂drive

,
(3.45)

and the atomic and cavity field decay is described by the Lindblad master equation:

𝜌̇ = 𝑖[𝐻̂, 𝜌] +
1

2

∑︁

𝑗

(︁[︁
𝐿̂𝑗𝜌, 𝐿̂

†
𝑗

]︁
+
[︁
𝐿̂𝑗, 𝜌𝐿̂

†
𝑗

]︁)︁
, (3.46)
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and the corresponding Lindblad operators are

𝐿̂𝑐 =
√
𝜅𝑏̂, 𝐿̂𝑎 =

√
Γ𝑎̂𝑒𝑎̂

†
↑.

In the unsaturated regime, we can use a mean-field approximation so that the

operator 𝑎(†)↑ can be replaced by
√︀
𝑁↑, and the first line can be considered as a

coupled harmonic oscillator problem. We can diagonalize the system into new modes

described by annihilation operator 𝑐̂+, 𝑐̂−:

𝐻̂c + 𝐻̂a + 𝐻̂ int = 𝜔+𝑐̂
†
+𝑐̂+ + 𝜔−𝑐̂

†
−𝑐̂−, (3.47)

where

𝜔± =
𝜔𝑎 + 𝜔𝑐 ±

√︀
4𝑔2𝑁↑ + (𝜔𝑎 − 𝜔𝑐)2

2

and

𝑐̂± =
𝜔± − 𝜔𝑐√︀

(𝜔± − 𝜔𝑐)2 + 𝑔2𝑁↑
𝑎̂𝑒 +

𝑔
√︀
𝑁↑√︀

(𝜔± − 𝜔𝑐)2 + 𝑔2𝑁↑
𝑏̂,

and the driving Hamiltonian 𝐻drive can be written as

𝐻̂drive =

√︂
𝜅

2

2𝑇1
𝑇1 + 𝑇2

1

𝜔+ − 𝜔−
×

[︃
𝛽*𝑒−𝑖𝜔𝑙𝑡

(︁√︁
(𝜔+ − 𝜔𝑎)2 + 𝑔2𝑁↑𝑐̂+ −

√︁
(𝜔− − 𝜔𝑎)2 + 𝑔2𝑁↑𝑐̂−

)︁

+ 𝛽𝑒𝑖𝜔𝑙𝑡
(︁√︁

(𝜔+ − 𝜔𝑎)2 + 𝑔2𝑁↑𝑐̂
†
+ −

√︁
(𝜔− − 𝜔𝑎)2 + 𝑔2𝑁↑𝑐̂

†
−

)︁]︃
.

Lastly, the Lindblad operators can also be expressed in these new modes:

𝐿̂𝑐 =
√
𝜅𝑏̂ =

√
𝜅

1

𝜔+ − 𝜔−

×
(︂√︁

(𝜔+ − 𝜔𝑎)2 + 𝑔2𝑁↑𝑐̂+ −
√︁

(𝜔− − 𝜔𝑎)2 + 𝑔2𝑁↑𝑐̂−

)︂
,

𝐿̂𝑎 =
√︀
𝑁↑Γ𝑎̂𝑒 =

√︀
𝑁↑Γ

1

𝜔+ − 𝜔−
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×
(︂√︁

(𝜔+ − 𝜔𝑐)2 + 𝑔2𝑁↑𝑐̂+ −
√︁

(𝜔− − 𝜔𝑐)2 + 𝑔2𝑁↑𝑐̂−

)︂
.

Using the Reiter and Sørensen method [183], we can adiabatically eliminate the

cavity field as well as the excited state by eliminating the ± modes, and therefore

obtain the effective Hamiltonian in the 𝑎̂↑ manifold. Further, we can assume that

• 𝜅|𝛽|2 2𝑇1
𝑇1+𝑇2

⟨𝑏̂†𝑏̂⟩ ≪ (𝜔𝑙 − 𝜔𝑎,𝑐)
2

• 𝑔2 2𝑇1
𝑇1+𝑇2

⟨𝑏̂†𝑏̂⟩ ≪ (𝜔𝑙 − 𝜔𝑎,𝑐)
2

which simplifies the obtained Hamiltonian to

𝐻̂eff = Δeff 𝑎̂
†
↑𝑎̂↑, (3.48)

where

Δeff =− |𝛽|2 2𝑇1
𝑇1 + 𝑇2

𝑔2

𝜅Γ
(1 + 2(𝜔𝑙 − 𝜔𝑎)

2/Γ2)2×
[︀
((1 + 2(𝜔𝑙 − 𝜔𝑎)

2/Γ2)2 + 𝑔2𝑁↑/𝜅Γ)
2

+ (2(𝜔𝑙 − 𝜔𝑐)/𝜅 · (1 + 2(𝜔𝑙 − 𝜔𝑎)
2/Γ2)2)

− 2(𝜔𝑙 − 𝜔𝑎)/Γ · 𝑔2𝑁↑/𝜅Γ)
2
]︀−1

,

which is equivalent to Eq. (3.15).

On the other hand, this system also has its new effective Lindblad operator ℒ̂ =

𝑎̂†↑𝑎̂↑. This can be simplified by removing the constant term in the Lindblad operator,

such that ℒ̂ → 𝑆̂𝑧, and serves as the collective dephasing:

ℒeff [𝜌] = 𝑆̂𝑧𝜌𝑆̂𝑧 − 1/2(𝑆̂
2

𝑧𝜌+ 𝜌𝑆̂
2

𝑧), (3.49)

𝜌̇ = −𝑖[𝐻̂eff , 𝜌] + 𝛾𝐶ℒeff [𝜌]. (3.50)

And, using the numerics discussed in Appendix A or analytical formula derived

in [203], this gives the linear increase in the variance of 𝑆̂𝑦 when the initial state

is prepared around the equator, as shown in Fig. 3-6. This agrees with the measure-
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Figure 3-6: Linear increasing of the variance of 𝑆̂𝑦 for an initial CSS along 𝑆𝑥 direction
under the effective collective dephasing Lindbladian operator.

ment broadening formalism (3.30), as well as the Gaussian understanding derived in

Sec. 3.4.5. This also shows that 𝐹 = 𝑁𝛾𝐶𝑡 which agrees with our analytic derivation.
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Chapter 4

Quantum Metrology 101

Quantum technologies harness quantum entanglement and therefore revolutionize

many subjects like computing, communications, and measurements. Quantum com-

puting and quantum communications draw broad attention from general audiences,

but using quantum technologies in measurement, or more formally, quantum metrol-

ogy, is less known yet much more practical and better developed.

Currently, the most precise measurements are all done by spectroscopy, as the

1981 Nobel laureate Arthur Schawlow said:

Never measure anything but frequency!

Using the spectroscopy method, humans have achieved many successes by far, in-

cluding the measurement of the fine constant using atom-interferometry [249], Laser

Interferometer Gravitational-Wave [1], dark matter/fifth force [37, 93, 58, 164, 162],

electron dipole moment [187], gravitational red-shift [21, 46], and test of fundamental

laws of physics like the Lorentz symmetry [193]. The idea is simple: one just divides

the line of a certain frequency response (aka spectrum) to resolve the exact frequency

of interest.

Specifically, the response may not only be reflected as the “amount”, or amplitude,

of certain quantities. Quantum mechanics, or even earlier, wave dynamics, had shown

that the phase is also an essential part of physical reality, and thus can also respond

to the external environment. In addition, the phase is usually even more sensitive,
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and the majority of metrology based on interferometer like [1] relies on the field of

phase estimation.

The spin squeezing that I discussed in Chap. 3 is the most commonly used example

of entanglement-assisted phase estimation. There are, however, much more ways to

use entanglement, and some of them are quite counterintuitive.

I will briefly review the quantum-enhanced phase estimation subject in this chap-

ter. I will start with the basic phase estimation processes, including the Ramsey and

Rabi sequences, which are likely taught in every AMO course. Then I will generalize

the idea to the clock-related non-quantum metrology concepts. Later I will introduce

how quantum entanglement changes and improves/degrades things, especially for the

collective spin system and clock-related operations. With this knowledge, we will be

prepared to understand most results from Chap. 5-8.

4.1 The Building Block: Rabi and Ramsey Sequence

Isidor Isaac Rabi developed the famous Rabi sequence in 1938 [179] in nuclear mag-

netic resonance systems. Later Rabi suggested using this method to build the atomic

clock in 1945, though due to the fluctuating power and other technical limitations

at that time, the central peak actually averaged over many unwanted signals and

thus broadened, making the result not desired. In short, this ambitious goal was not

achieved.

In 1949, Norman Ramsey developed the seminal Ramsey sequence based on Rabi’s

sequence, which nowadays becomes an essential part of modern quantum metrology

and phase estimation. Many fields use it today, like the atom interferometer, RF

atomic clocks, and gravitational wave detection.

The ultimate performance for the ideal version of both sequences is the same (up

to a constant factor). They, however, have a different dependence on the noise spec-

trum [14] of the local oscillator, which decides what sequence to use. For example, the

state-of-the-art optical clock experiments in JILA [20] have a larger high-frequency

noise which makes them choose the Rabi sequence, which decays faster for high fre-
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quencies.

Ultimately, the clock operation relies on the clock container (the atoms) and the

local oscillator (the laser). The procedure is to interrogate the atoms with the laser,

and we want to use a sequence to convert the resulting clock state population into a

discriminator for the detuning of the clock laser from resonance. The sequence should

let the system evolve under a certain form of the Hamiltonian, which is sensitive to

a very tiny frequency difference. The most common ones are the Ramsey or Rabi

spectroscopy sequence. To understand these sequences, we restrict ourselves to a

two-level system defined by the two clock-related states (ground state |𝑔⟩ and excited

clock state |𝑐⟩). Both sequences begin with the atoms prepared fully in the ground

state.

For the Rabi sequence, the Hamiltonian is simple: the Rabi drive along 𝑥-direction

always exists. The length of the continuously applied laser is set to be 𝑇Rabi = 𝜋/Ω,

where Ω is the Rabi frequency of the clock light and is assumed constant. For a

detuning of the clock light Δ, after the 𝜋-length pulse, the probability of being in the

excited state is given by

𝑃𝑒(Δ) =
Ω2

Δ2 + Ω2
sin

(︃
𝜋
√
Δ2 + Ω2

2Ω

)︃2

(4.1)

For the Ramsey sequence, the Hamiltonian is piece-wise. Initially, the Hamiltonian

is 𝐻̂𝜋/2,𝑦 = Ω𝑆̂𝑦 +Δ𝑆̂𝑧 with Ω ≫ |Δ| and it lasts for 𝜏𝜋/2 = 𝜋/(2Ω). Then the drive

is off; thus, the Hamiltonian, in the rotating frame, is 𝐻̂ramsey = Δ𝑆̂𝑧, which lasts for

𝜏ramsey. Lastly, another drive with a different phase is applied 𝐻̂𝜋/2,𝑥 = Ω𝑆̂𝑥 + Δ𝑆̂𝑧

with the same length 𝜏𝜋/2 = 𝜋/(2Ω). The final population of the excited state is given

by

𝑃𝑒(Δ) =
4Ω2 sin2

(︁
𝜋
√
Δ2+Ω2

4Ω

)︁

(Δ2 + Ω2)2
×

[︃
√
Δ2 + Ω2 cos

(︃
𝜋
√
Δ2 + Ω2

4Ω

)︃
cos

(︂
Δ𝜏Ramsey

2

)︂
(4.2)
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−Δsin

(︃
𝜋
√
Δ2 + Ω2

4Ω

)︃
sin

(︂
Δ𝜏Ramsey

2

)︂]︃2
,

and by assuming Ω ≫ |Δ|, this reduces to

𝑃𝑒(Δ) ∼ 1

2
+ sin(Δ𝜏Ramsey). (4.3)
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Figure 4-1: Spectroscopy fringes for (blue) Rabi sequence and (orange) Ramsey se-
quence. In the Ramsey sequence, we use (left) Ω𝜏Ramsey = 10 and (right) Ω𝜏Ramsey = 3.

We can notice that if we let 𝑇Rabi = 𝜏Ramsey which corresponds to the same in-

terrogation time, the FWHM for a Rabi sequence is 1.6 times larger than that for a

Ramsey sequence. This means that the performances of these two sequences are off

by just this factor, given the same signal-to-noise ratio and interrogation times.

Of course, these are the ideal cases, and from the final population, we can infer

the constant Δ. When the Δ is no longer a constant (DC), our sequences would have

their own frequency response to the Δ(𝑡). For the clock operations, a frequency much

higher than one over the interrogation time is not useful, and ideally, the sequence

should not be sensitive to those. As investigated in [14], the Rabi sequence is better

against those noises. However, once the AC signal is of interest, one would need to

develop new sequences for those applications, and at the same time, the bandwidth

of the metrology is also important [34].
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4.2 Quantifying The Amount of Information a Mea-

surement Carries

The above discussion is very close to the actual clock operation if not exactly the

same. The missing link is how we measure the quantity 𝑃𝑒, which can be used to

infer the Δ and feedback to the laser frequency.

In this section, we review, to my understanding, the most important concept in

modern data analysis: Bayesian statistics. Within Bayesian statistics, I will talk

about one important concept that we already mentioned: Fisher information and its

quantum version.

The idea of Fisher information is simple: consider if a measurement 𝑋 is randomly

sampled from a given distribution parameterized by some quantity 𝑃 (𝑋; 𝜃), then by

this measurement, what amount of information we learn about this parameter?

This is quantified by the Fisher information as [59]

ℐ(𝜃) = E

[︃(︂
𝜕

𝜕𝜃
log𝑃 (𝑋; 𝜃)

)︂2
⃒⃒
⃒⃒
⃒ 𝜃
]︃
=

∫︁

R

(︂
𝜕

𝜕𝜃
log𝑃 (𝑥; 𝜃)

)︂2

𝑓(𝑥; 𝜃) 𝑑𝑥. (4.4)

However, a quantity of “information” is meaningless unless it can be mapped to

how accurately one can estimate the parameter 𝜃. This is established by the Cramér-

Rao bound [39, 181]:

var(𝜃̂) ≥ 1

ℐ(𝜃) . (4.5)

In (4.4) one can see that the “sharper” the features in 𝑃 (𝑥; 𝜃), the larger informa-

tion it gains. Using (4.5), this also means the more accurate the estimation can be.

This agrees well with our intuitive understanding of squeezed states, as the squeezing

makes the distribution narrow, which then has larger Fisher information and a less

ultimate limit on estimation error.

This concept generalizes to the quantum regime very smoothly. In quantum me-

chanics, the quantum state intrinsically has the distribution feature. By projecting
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to different bases 𝜇, the corresponding distribution 𝑃𝜇(𝑋; 𝜃) gives the Fisher infor-

mation of 𝜃 by this distribution ℐ𝜇(𝜃), and the quantum Fisher information (QFI) is

defined as [171]

ℐ𝑄(𝜃) ≡ max{𝜇}ℐ𝜇(𝜃). (4.6)

The form developed in Sec. 3.4.1 is a specific kind of QFI where the quantum

state is a coherent state of light.

The quantum Cramér-Rao bound also exists and preserves its classical form [82,

23, 135, 171]:

var(𝜃̂) ≥ 1

ℐ𝑄(𝜃)
. (4.7)

4.3 Chain of QFI

The overall question can then be considered as a chain of inferences from the raw

measurement data to the final random variable (physical quantity), i.e., the phase of

interest.

For the case of the phase estimation using the collective spin state inside an optical

cavity, as the one developed in Chap. 3, the chain is as follows:

Photon Statistics 𝑛 = |𝛼|2 𝑃 (𝑛|𝑁̂↑)−→ 𝑆̂𝑧 = (𝑁̂↑−𝑁̂↓)/2
𝑃 (𝑆̂𝑧 |𝜌(𝜃))−→ 𝜌(𝜃)

sequence−→ 𝜃 .

(4.8)

The reverse of the equation (4.8) is similar to the “generative model” in machine

learning and is easier to understand. Basically, we have a signal 𝜃 and use a sequence

like the Ramsey sequence to encode it into the system and form 𝜌(𝜃). From that

state, one quantumly samples it using the basis of Dicke states |𝑆, 𝑆𝑧⟩, and then uses

the photon statistics to infer which specific Dicke state it is projected into.

In Sec. 3.4.1, I have already shown, without very detailed arguing, the photon to
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Dicke state’s QFI. I showed that, with certain photon statistics, to what extent one

can infer the 𝑁̂↑. The derivation includes the setup using the transmitted light’s pure

amplitude information, pure phase information, and the optimized way of utilizing

the information: the Chirp method.

The sequence’s sensitivity, or similarly, the QFI, is also clear, as explained earlier

in Sec. 4.1.

The only missing step is where the squeezed state or quantum entanglement kicks

in. The entanglement makes the distribution along certain axis dramatically sharper

or has more of sharper features.

We explicitly express how 𝜃 is encoded into 𝜌(𝜃). Without loss of generality,

we can first consider the pure state condition 𝜌(𝜃) = |𝜓𝜃⟩ ⟨𝜓𝜃| and use the Ramsey

sequence. To lowest order as in (4.3), we have

|𝜓𝜃⟩ = 𝑈̂𝜋/2,𝑥𝑒
−𝑖𝑆̂𝑧𝜃 |𝜓0⟩ , (4.9)

where 𝑈̂𝜋/2,𝑥 is the 𝜋/2 rotation in the middle.

For the specific operator of interest 𝑆̂𝑧 and the pure state condition 𝜌(𝜃) =

𝑈̂𝜋/2,𝑥 |𝜓𝜃⟩ ⟨𝜓𝜃| 𝑈̂
†
𝜋/2,𝑥, such Fisher information is given by [171]

ℐ𝑄(𝑆𝑧; |𝜓𝜃⟩) = 4var(𝑆𝑧)|𝜓𝜃⟩. (4.10)

At first glimpse, the whole protocol seems trivial: just by generating a pure state

with large var(𝑆𝑧), then the small rotation angle 𝜃 against 𝑆̂𝑧 can be estimated pre-

cisely. However, there is a logical step missing. The Cramér-Rao bound does not

guide how to read the 𝜃 out properly.

4.4 Readout

The proper reading-out method that saturates the Cramér-Rao bound is highly non-

trivial. We start with the simplest case of using an uncorrelated CSS.

Quantum states intrinsically have quantum fluctuations. The CSS state as in the
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Figure 4-2: CSS and SSS Ramsey sequence.

final step in Fig. 4-2 has ⟨𝑆𝑧⟩ = −𝑆 sin 𝜃, and the quantum fluctuation var(𝑆𝑧) =

𝑆
2
cos2 𝜃. From this method, the Fisher information, as the lower bound of the QFI,

is

ℐ𝐶𝑆𝑆 = 𝑁,

which also saturates the QFI as in (4.10) of a CSS.

Naïvely, the SSS can be seen as a slightly modified version of CSS with a reduction

of the quantum noise along the direction of interest. As in Fig. 4-2, the Ramsey

sequence for SSS is very similar. The usage of the same method by inferring 𝜃 from

⟨𝑆𝑧⟩ and Δ𝜃 from Δ𝑆𝑧 should also be valid to the first order. This is also called the

method of moments [171].

Does this saturate the QFI of a SSS? For a slightly squeezed state, it seems so,

but in general, it doesn’t. Since we are looking for the signal-to-noise ratio, we need

to characterize them separately. The amount of the noise is characterized by the

Kitagawa-Ueda parameter [108]

𝜉2KU = Δ𝑆2
𝑧/Δ𝑆

2
𝑧,SQL, (4.11)

where Δ𝑆2
𝑧 is the variance of the 𝑆𝑧 measurement and, Δ𝑆2

𝑧,SQL = 𝑆/2 is the same
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quantity for uncorrelated particles in the absence of contrast loss. Meanwhile, the

signal in Fig. 4-2 is not exactly 𝑆 sin 𝜃; the difference is characterized by

𝐶 := max
𝛼

⟨𝑆̂𝛼⟩
𝑆

. (4.12)

Together, we obtain the Wineland parameter [241, 240], which finally gives the

signal-to-noise readout protocol of the Ramsey sequence using CSS and SSS

ℐ𝑆𝑆𝑆,𝑚 = ℐ𝐶𝑆𝑆𝜉−2 = 𝑁
𝐶2

𝜉2KU

, (4.13)

where the subscript 𝑚 stands for the method of moments.

For arbitrary states, the Bayesian estimation can saturate the QFI but requires a

lot of prior knowledge about the distribution under different 𝜃. That means once the

system is fully characterized, this method is of great use, as demonstrated in [216]

and explained in [171].

Without such prior knowledge, if the state is obtained using the Hamiltonian

evolution, we propose a method of reading out via time reversal. I will preserve the

discussion until Chap. 7 and Chap. 8.
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Chapter 5

Near-Unitarity and Hamiltonian

Dynamics

As explained in Chap. 3, the remaining entanglement between the photon leaving

the cavity-atom system and the collective spin state causes a non-demolishing mea-

surement. This can be used to generate a squeezed state with a random ⟨𝑆̂𝑧⟩. Such

randomness is contrary to deterministic dynamics governed by the Hamiltonian.

In quantum metrology, either the measurement-based method or the OAT will

work to improve the precision of measuring physical quantities. However, in most

cases, unitary dynamics is essential for investigating much more general quantum

physics, like quantum simulation and quantum information.

5.1 Review of Non-Unitary Behaviors

Unitary time evolution, the textbook idea of how quantum mechanics works, is actu-

ally really hard to achieve in real quantum systems. For example, to prepare the cold

atomic cloud, one must let atoms scatter many photons, in an incoherent manner,

which is thus non-unitary. Though in the last step of preparation, the incoherent

optical pumping helps to reinitialize the collective spin state to a perfect pure state,

in general, the optical process is always accompanied by non-unitarity.

The optical cavity, as described in Chap. 2, can, of course, improve the coherence
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by strongly enhancing the atom’s interaction with one specific light mode. Still, deco-

herence happens in such systems, mostly in the following three forms of decoherence.

The first one is inhomogeneous coupling. This is an effect that we neglect when

we treat the cavity’s response to atoms in Sec. 3.2.2 for simplicity. But naïvely one

can find the atoms couple differently to the cavity, and the difference will cause them

to decohere.

The second source is collective dephasing, and in our system, such dephasing is

induced by the cavity field’s measurement effect. The semiclassical description is

developed in Sec. 3.4.2, and in Sec. 3.5, we also develop the formalism of describing

such a measurement in terms of collective dephasing ℒeff [𝜌] = 𝑆̂𝑧𝜌𝑆̂𝑧− 1/2(𝑆̂
2

𝑧𝜌+𝜌𝑆̂
2

𝑧).

The last form of non-unitary comes from individual dephasing due to sponta-

neous emission. This can also be seen as the effect of an imperfect cavity or finite

cooperativity, as discussed in Sec. 3.4.6.

One may ask why we care about unitarity so much, given the fact that in many

leading results of similar systems like in [88], the state, in the end, is very non-unitary.

The answer is that the optimal clock performance for such non-unitary states only

improves very little, if not even worse, than that of the CSS [26].

This statement is indeed too harsh, and in fact, we do realize that with certain

specific methods (like the time-reversal-based method discussed in Chap. 7-8), one

can still use the features for entanglement-assisted quantum metrology. However, at

least for building the best clock, such non-unitarity is fatal.

In the rest of this chapter, I’m going to present how to overcome the first kind

of non-unitarity in Sec. 5.2, and how to minimize the effect of the second and third

kinds of non-unitarity in Sec. 5.3, with the experimental demonstration in Sec. 5.4.

Fundamentally, by improving the atom-cavity cooperativity, one can obtain a system

where the last two types of non-unitarity can be suppressed to negligible.
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5.2 Inhomogeneous and Homogeneous Coupling

The coupling between the atoms at position x and the cavity mode depends on the

local cavity field mode pattern E(x). The standing-wave Fabry-Perot cavity, however,

has a very rapidly varying cavity mode within one optical wavelength of the cavity

mode. Moreover, due to the incommensurate between the trapping cavity mode and

the probing cavity mode, each atom’s weight in the collective process, for example,

the collective spin state I introduced in Sec. 3.2.1, would be very different.

In [222, Tanji-Suzuki et al. (2011)], the effect of the inhomogeneous coupling is

discussed in the context of the cavity field. Since the internal atomic state is not the

problem of interest, one can use a collective coupling parameter to describe the effect:

𝐻 =
1

𝑁

𝑁∑︁

𝑗=1

cos2 𝑘𝑧𝑗 =
⟨︀
cos2 𝑘𝑧

⟩︀
, (5.1)

where 𝑘 is the cavity mode’s wavevector. By doing so, the effective collective co-

operativity between atom and cavity mode is the (𝑁𝜂)eff = 𝑁𝐻𝜂. By assuming

either a homogeneous distribution over 𝑧 or incommensurate periodical distribution,

𝐻 = ⟨cos2 𝑘𝑧⟩ = 1
2
.

This assumption would be wrong if we further investigate the quantum fluctua-

tion related to collective spin physics. This is resolved in the lowest orders in [89,

Hu et al. (2015)], by introducing both the effective cooperativity and the effective

atom number:

𝜂eff =

∑︀𝑁
𝑗=1 𝜂

2
𝑗∑︀𝑁

𝑗=1 𝜂𝑗
=

⟨𝜂2⟩
⟨𝜂⟩ , (5.2)

𝑁eff =
(𝑁𝜂)eff
𝜂eff

. (5.3)

The higher-order correlations, however, would be inaccurate under this descrip-

tion. Thus, for general many-body physics, it would be better to resolve such inho-

mogeneity.

One way is to use the commensurate trap-probe dual-wavelength cavity. For
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example, in [119], the probe light is Rb’s 780nm transition while the trapping is at

1560nm. This clever design bypasses inhomogeneous coupling.

Similarly, one can use a traveling wave mode cavity such as the four-mirror Fabry-

Perot cavity. Recently, a specific design has been proposed to further reduce the

back-scattering [96], which is also beneficial to homogeneity.

However, both methods are not very generalizable. For example, in a clock-related

problem, one needs the trap to be at exactly the magic wavelength, which is really

hard to be somehow commensurate with the probe light. The traveling-light cavity is

also challenging in problems like atom interferometers as one may want to introduce

as less momentum kick as possible.

In another approach [245, Wu et al. (2021)], the authors proposed and imple-

mented a scheme to remove atoms with small coupling strength. This sacrifices the

maximum collective coupling one can get.

Here I will describe our method to overcome this problem, similarly to [245], but

instead of removing weakly coupled atoms, we reorganize the distribution to make

atoms relocated in strong probe-light positions. Moreover, the method also cools the

atoms to the vibrational ground state. Together, this serves as the tool for more

unitary evolution and eventually enables the optical clock operation, which I will talk

about in Chap. 6.

5.2.1 Experimental Protocol

Atoms are first loaded into a bi-color mirror magneto-optical trap (MOT) [103] located

inside the optical cavity. By adjusting bias magnetic fields, we adjust the MOT to

overlap well with both the cavity mode and a one-dimensional standing-wave optical

lattice formed by a magic wavelength 𝜆 = 759nm retro-reflected beam with a waist

of 27 𝜇m in the 𝑥-direction. The trap depth is 𝑈𝑥/ℎ = 460 kHz. We then turn off

the MOT beams and send the magic wavelength light into the cavity to generate

an optical lattice along the gravity direction (𝑧-direction) with a waist of 13.7 𝜇m

and trap depth 𝑈𝑧/ℎ = 2 MHz at the atoms’ position. The corresponding vibration

frequencies are {𝜔𝑥/(2𝜋), 𝜔𝑦/(2𝜋), 𝜔𝑧/(2𝜋)}={62, 3, 130} kHz. To ensure that atoms
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Figure 5-1: Raman sideband cooling scheme. (a) An optical cavity along the Z-
direction (gravity-direction) simultaneously resonates to both |1𝑆0,𝑚𝐹 = 1/2⟩ −
|3𝑃 1,𝑚𝐹 = 3/2⟩ transition at 556 nm and the optical lattice beam at 759 nm. 𝜎+-
polarized optical pumping beam and 𝜎+-polarized Raman beam are sent through the
optical cavity. a frequency scanning 𝜎+ probe beam is sent through the optical cavity
near resonance to measure atom number. An additional 𝜋-polarized Raman beam is
applied with 15∘ against the X-direction lattice in the X-Y plane. The optical clock
beam is aligned to the X-direction optical lattice to probe atomic temperature in
that direction. Time-of-flight imaging with 1𝑆0 − 1𝑃 1 at 399 nm is performed at 35∘

against the X-direction in the X-Y plane. (b) With 𝐵𝑧 = 13.5 G, Zeeman splittings
at 3𝑃 1 and 1𝑆0 are 20 MHz and 10kHz respectively. 𝜎+- and 𝜋-polarized Raman
beams are red-detuned by 10 MHz to the |1𝑆0,𝑚𝐹 = 1/2, 𝑛⟩ − |3𝑃 1,𝑚𝐹 = 1/2⟩ or
|1𝑆0,𝑚𝐹 = −1/2, 𝑛− 1⟩ − |3𝑃 1,𝑚𝐹 = 1/2⟩ transitions with the resonant two-photon
condition between the two ground states.
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are loaded only into the cross-section of the two-dimensional (2D) optical lattice, the

optical lattice along the X-direction is adiabatically ramped down and held off for 50

ms and then slowly ramped back.

Eventually, we are left with a cloud of ∼ 500 171Yb atoms with root-mean-square

sizes of 16𝜇m and 4.8𝜇m along the 𝑧 and 𝑥𝑦 directions respectively, which correspond

to a peak density of 8.6 × 1010 cm−3 and a classical phase space density (PSD) of

4× 10−5.

Both the Raman coupling and the optical pumping necessary for the Raman

sideband cooling [90] are accomplished with a laser near the 1𝑆0 → 3𝑃 1 transition

with a natural linewidth of Γ = 2𝜋×180 kHz. The optical pumping is accomplished

with a 𝜎+-polarized beam along the cavity that is resonant with the |1𝑆0,−1/2⟩ →
|3𝑃 1,+1/2⟩ transition, while the Raman coupling uses two beams detuned from the

|1𝑆0,−1/2⟩ → |3𝑃 1,+1/2⟩ transition by Δ = −2𝜋× 10 MHz, one 𝜎+-polarized beam

along the cavity, and a 𝜋-polarized beam in the 𝑥𝑦 plane (see Fig. 5-1). With a

magnetic field of 13.7G along the 𝑧 axis, the relative detuning of those two beams

is chosen to match the |𝑚𝐹 = 1/2, 𝑛𝑥⟩ to |𝑚𝐹 = −1/2, 𝑛𝑥 − 1⟩ transition between

the two ground states that reduces the vibrational quantum number by one, and

hence the motional energy by 𝐸/ℎ = 62 kHz. The optical pumping back to the

|𝑚𝐹 = −1/2⟩ state heats the atom on average by 2𝐸𝑟𝑒𝑐/ℎ = 7.4 kHz, where 𝐸𝑟𝑒𝑐 is

the recoil energy for the 1𝑆0 →3 𝑃1 transition. After cooling for 100 ms, we extinguish

the Raman beams 5 ms before the optical pumping light in order to initialize atoms

in the |𝑚𝐹 = 1/2⟩ level. After the cooling process, the optical lattice along the 𝑧

direction is ramped down to 1/3 of its initial power to reduce the photon scattering

by the trap light.

The atomic temperature is determined by spectroscopy on the spectrally narrow

clock transition 1𝑆0 → 3𝑃 0 using a 𝜋-polarized laser beam traveling along the 𝑥

direction. This laser is stabilized to an ultralow-expansion cavity and measures the

population of vibrational states via sideband spectroscopy [16], as shown in Fig. 5-2.

The broad Gaussian background underlying the sideband spectrum is attributed to

the Doppler profile of floating atoms that are not confined in a single site of the lattice
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Figure 5-2: Clock state excitation spectroscopy of an atomic cloud loaded into a 2D
optical lattice (a) without and (b) with 200ms cooling. Clock pulse lengths of 5 ms and
20 ms in (a) and (b) are applied, respectively. At high temperatures, the large cloud
spanned over the harmonic trap, producing a broadening of the clock spectroscopy
lineshapes on both the resonance and the trap frequency. At low temperatures, the
quantized motion takes over and suppresses the red sideband. Assuming a thermal
distribution of the atom, sidebands and carrier are fitted the apparent temperature
of the cloud is calculated to be 𝑇 = 20 ± 2𝜇K and 𝑇 = 1.8 ± 0.5𝜇K with mean
occupation number 𝑛 = 6 and 𝑛 = 0.2 respectively. Broad Doppler Gaussian profile
is manually fitted to take into account floating atoms. 141 kHz and 90 kHz standard
derivation imply temperatures of 22 𝜇K and 10 𝜇K, respectively.
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along 𝑥, but are confined by the intracavity trap due to the much larger trap depth.

Before the cooling, the blue and red sidebands have similar sizes, which indicates that

a mean vibrational quantum number 𝑛𝑥 ≫ 1, while the visible Doppler background

in the spectrum suggests a large portion of atoms that are not confined by the 𝑥

lattice. After 200 ms of Raman sideband cooling, a large imbalance of red to blue

sideband is observed, indicating that the atoms are cooled to near the ground state

with 𝑛̄𝑥 = 0.2(𝑥). The reduced residual Doppler background implies that atoms

originally not confined by the 𝑥 lattice are cooled to the vibrational ground state

as well. Fig. 5-2(c) shows a fast initial cooling within the first 10 ms, followed by

a slower cooling as the population of the vibrational ground state increases. After

200 ms of cooling, the atomic cloud has root-mean-square (rms) sizes of 𝑧0 = 12.2𝜇m

and 𝑥0 = 3.2𝜇m, resulting in a peak density of 𝑛0 = 2 × 1011 cm−3 and PSD of

2 × 10−2. To reach higher PSD, we resort to methods discussed in Sec. 9.2.4 as the

future directions.

With the cooling, the optical Rabi oscillation experiences a much smaller dephas-

ing, resulting in strongly improved coherent transfer to the excited clock state |3𝑃0⟩
(Fig. 5-3a). After 200 ms of cooling, the transfer fidelity reaches 0.93. The remaining

infidelity can be explained by the residual population of vibrational excited states,

which experience different Rabi frequencies Ω𝑚 on the |1𝑆0, 𝑛𝑧 = 𝑚→3 𝑃0, 𝑛𝑧 = 𝑚⟩
vibrational transition, given by Ω𝑚 = Ω0𝑒

−𝜂2𝑥/2𝐿𝑛(𝜂2𝑥). Here Ω0 is the Rabi frequency

for the vibrational ground state, 𝜂𝑥 = 0.25 is the Lamb-Dicke parameter for our lattice

depth, and 𝐿𝑛 is the Laguerre polynomial.

From the apparent temperature derived using the sideband spectroscopy above,

we also compare it with the performance of the Rabi oscillation as in Fig. 5-3b. We

can also calculate the expected 𝜋− and 2𝜋−pulse fidelity [16] based on the vibrational

mode distribution.

From Fig. 5-2, we notice that for cooling times 𝑡 > 10ms the apparent tempera-

ture stabilizes. This also applies to the pulse fidelities in Fig. 5-3. However, as we

measure the Rabi flopping using cavity, we found that the collective cooperativity

𝑁𝐶 behaves quite differently from the temperature. We measure the full dynamics of
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Figure 5-3: Theory from [16], considering a factor of 2 difference between apparent
temperature and actual. The difference from the theory for purple points (pi pulse)
is due to the fraction of atoms that are not in the 2D trap. It increases when the
temperature is higher.Cooling performances of Raman sideband cooling of 171Yb. X-
direction atomic temperatures with different cooling times are measured using the
fitting method outlined in Fig. 5-2. The direct measurement quantity is the collective
cooperativity 𝑁𝐶 normalized to the initial condition.
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Figure 5-4: Cavity readouts during the cooling process. (a) Signatures of atomic
reorganization due to cooling. Collective cooperativity 𝑁eff𝐶eff evolution with cooling
time, normalized to the initial one. The gray band is calculated from the expected
collective cooperativity, assuming that the cooling process drops the atoms weakly
coupled to the cooling cavity mode. The lower limit of the band is collective coop-
erativity when we drop all atoms except those within 1 % of the maximal coupling;
similarly, the upper limit is the expectation for the case where we drop all atoms ex-
cept those within 10% of the maximal coupling. The inset shows the inferred survival
rate 𝑁tot(𝑡)/𝑁tot(0) as a function of the cooling time 𝑡. (b) Effective cooperativity as
a function of the cooling time. The dashed line is a double-exponential fit. The illus-
trations on the side are schematics of atomic distribution among the incommensurate
trapping and coupling lattices. Initially, atoms are evenly distributed in the trapping
lattice, and after long-time cooling, the atoms are concentrated in lattice sites with
high overlap with the coupling lattice.

𝑁𝐶 during the cooling in Fig. 5-4(a). As it suggests, we first found that the collective

cooperativity 𝑁𝐶 for a short cooling period increases, and it drops below its original

value over long times. Since the atom number 𝑁 cannot increase, we conclude that

𝐶eff must increase during the cooling.

We then measure the quantum projection noise of a coherent spin state after cool-

ing with different atom numbers. Atoms are first optically pumped to the |1𝑆0,+1/2⟩
state followed by a radio frequency 𝜋/2 pulse between two magnetic sub-levels of
1𝑆0 ground state. The quantum noise of spin projection 𝑆𝑧 measurement scales with

the square root of the atom numbers 𝑁 , while total coupling strength 𝑁𝐶eff scales

linearly with it. Therefore, comparing the variance of shot-to-shot measurement of

𝑆𝑧 with 𝑁𝐶eff , the average coupling strength can be deduced 𝐶eff . By changing the

cooling time, we obtain the dynamics of 𝐶eff as in Fig. 5-4(b). Prior to the cooling
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process, atoms are spatially homogeneously distributed at different lattice sites. With

a period of cooling, effective cooperativity increases, implying that atom population

at weak coupling strength reduces. After 100 ms cooling, almost all atoms are max-

imally coupled to the cavity field, which is confirmed by the maximal cooperativity

observed. In this case, the cooling time can be used as a tuning knob to control the

distribution of atom-light interaction in such an optical cavity system.

The mechanism of the increase of 𝐶eff is complicated and can be from multiple

factors, but ultimately, it means that the atomic position averagely experiences a

larger cavity light field. That means the atomic position is either re-distributed along

the cavity axis or transversal to the cavity axis. The latter comes directly from

the cooling of motional degrees of freedom; however, this cannot explain the whole

experiment. On the one hand, as indicated in the sideband spectrum in Fig. 5-

2, during the first 10 ms of the cooling, atoms are cooled such that along the Z-

direction trap, the transversal radius reduces and thus the effective cooperativity 𝐶eff

increases as in Fig. 5-4(b). However, the cooperativity further increases with longer

cooling times while the temperature remains roughly unchanged. Thus the increasing

of cooperativity must be from the reorganization of the incommensurate trap and

coupling lattice supported by the cavity. On the other hand, from the imaging result

in the beginning, the transversal distribution has a radius of 30𝜇m while the cavity

mode waist at the position is 10𝜇m, meaning that the transversal cooling can, at

most, improve the single-atom cooperativity by 15%.

The reorganization is thus a must; however, the mechanism is unclear. We lack

a quantitative understanding yet, but qualitatively, the atoms have certain reasons

to leave the weakly coupled sites. Besides heating from the off-resonance scattering

of Raman and optical pumping beams, the primary source of the atom loss in this

particular setup is due to the inhomogeneous coupling of the Raman beam to the

atomic ensemble, similar to the probe beam. When atoms are weakly coupled to the

cavity field, scattering from the free space 𝜋-polarized Raman beam dominates atom

loss. Since the coupling depends on the cooling process, atoms in the low coupling

regime escape the trap while those with a high coupling strength remain. The effect
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can be verified by the measurement of effective cooperativity, which is sensitive to

the underline distribution of the atoms at different sites in the lattice.

5.2.2 Conclusion and Outlook

In conclusion, we have demonstrated Raman sideband cooling of non-colliding atoms

near optical resonance. The method is fast and robust to directionally cool atoms to

near motional ground state. Moreover, we realize that the nature of the cavity assis-

tance during the cooling makes the atoms move towards the antinodes of the probing

light field lattice to enhance and homogenize the cavity-atom cooperativity. We also

found two distinct time scales for the dynamics: the faster one (∼10ms) corresponds

to the cooling, and the slower one (∼100ms) corresponds to the reorganization. This

enables a continuous tuning from the disordered coupling to the uniform coupling

after the atoms are cooled to the motional ground state, which serves as a tunable

platform to test the thermalization mechanism and its failure with tunable disorder

effects in non-equilibrium states [112, 56] and all-to-all interacting quantum compu-

tation applications [237]. The tunability of coupling distribution opens the path to

research complex Hamiltonians with different interaction disorders. In the future, a

similar approach with a better geometrical setup can be used to cool atoms to the

three-dimensional zero motion point with reduced atom loss. The latter, together

with compression, can be used to direct laser cool non-colliding Fermions to quantum

degeneracy with vanishing losses and in considerably short times. We will revisit this

idea in Sec 9.2.4.

5.3 Wineland parameter

The combined effects of light-induced measurement with corresponding backaction,

atom-atom interaction, and contrast loss on atomic states can produce a variety of

final atomic states. We quantify the utility of these SSSs for metrological applications
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Figure 5-5: Results of cavity feedback squeezing for a cavity that is resonant with the
atomic transition, 𝜔𝑐 = 𝜔𝑎. (a) Squeezing strength 𝑄, quantum Fisher information 𝐹
and inverse Wineland parameter 𝜉−2 at fixed scattered photon number 𝑛sc

𝛾 = 400 and
collective cooperativity 𝑁↑𝜂 = 900. (These parameters correspond to the conditions
of the experiment described in Ref. [25]). For the 𝑄 plot, red branches stand for
positive 𝑄 and blue branches for negative 𝑄. In this calculation, the curvature of
the Bloch sphere has been ignored, and the results do not depend on the single-
atom cooperativity 𝜂. (b) Inverse Wineland parameter including the effect of the
Bloch sphere curvature for different scattered photon number 𝑛sc

𝛾 calculated for the
parameters 𝑁 = 1000, ⟨𝑆𝑧⟩ = 0, and 𝜂 = 1.8. Both (a) and (b) assume 𝜅/Γ = 2.8 as
in the experiment of Refs. [25, 168].
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using the Wineland parameter (4.13)

𝜉2 =
𝜉2KU

𝐶2
=

1

𝐶2

Δ𝜃2

Δ𝜃2SQL

, (5.4)

In the approach discussed above in Section 3.4.5, the reduction of collective spin

projection noise [95] of the final state depends both on 𝑄 and the normalized QFI, 𝐹 .

The Kitagawa-Ueda parameter is given by the smaller eigenvalue of the covariance

matrix (3.42). Writing all quantities in units of the SQL, the combination of 𝑄, 𝐹 ,

and another rotation by an angle 𝛼 transforms the point (𝑆𝑦, 𝑆𝑧)
𝑇 on Bloch sphere

to (𝑆 ′
𝑦, 𝑆

′
𝑧)
𝑇 as given by

⎛
⎝𝑆

′
𝑦

𝑆 ′
𝑧

⎞
⎠ =

⎛
⎝ cos𝛼 sin𝛼

− sin𝛼 cos𝛼

⎞
⎠
⎛
⎝
√
1 + 𝐹 𝑄

0 1

⎞
⎠
⎛
⎝𝑆𝑦
𝑆𝑧

⎞
⎠

≡ 𝑈

⎛
⎝𝑆𝑦
𝑆𝑧

⎞
⎠

(5.5)

The initial distribution of the CSS pointing along the 𝑥-axis in units of the SQL is

𝑃 (𝑆𝑦, 𝑆𝑧) ∼ exp
(︀
−(𝑆𝑦, 𝑆𝑧)(𝑆𝑦, 𝑆𝑧)

𝑇
)︀

and after the transformation, it is given by

𝑃 (𝑆 ′
𝑦, 𝑆

′
𝑧) ∼ exp

(︀
−(𝑆 ′

𝑦, 𝑆
′
𝑧)Σ

−1(𝑆 ′
𝑦, 𝑆

′
𝑧)
𝑇
)︀
.

Making use of that (𝑆𝑦, 𝑆𝑧)
𝑇 = 𝑈−1(𝑆 ′

𝑦, 𝑆
′
𝑧)
𝑇 , the new covariance matrix is

Σ′ = ((𝑈−1)𝑇𝑈−1)−1 = 𝑈𝑈𝑇 (5.6)

and therefore the variance on 𝑆 ′
𝑧 is the second diagonal element of Σ′,

var(𝑆 ′
𝑧) = 1−𝑄 sin 2𝛼 + (𝐹 +𝑄2) sin2 𝛼. (5.7)
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By changing 𝛼, the minimum and maximum variance is obtained when 𝛼 satisfies

dvar(𝑆 ′
𝑧)

d𝛼
= −2𝑄 cos 2𝛼 + 2(𝐹 +𝑄2) sin𝛼 cos𝛼 = 0, (5.8)

which implies

tan𝛼 = (
√︀

4𝑄2+(𝐹+𝑄2)2 − (𝐹+𝑄2))/(2𝑄). (5.9)

The Kitagawa-Ueda parameter is given by

𝜉2KU,± =
1

2

(︁
2 + 𝐹 +𝑄2 ±

√︀
4𝑄2 + (𝐹 +𝑄2)2

)︁
(5.10)

and in the limit of 𝑄≫ 𝐹 ∼ 1,

𝜉2KU ∼ 1 + 𝐹

𝑄2
.

We see from Eqs. (3.22) and (3.32) that for fixed probing parameters 𝛿, Δ, and

𝑁 , both the squeezing parameter 𝑄 and the QFI 𝐹 scale linearly with the number

of photons scattered into free space. This means that as long as the QFI is small,

i.e., 𝐹 < 1, the amount of squeezing 𝜉2 will grow quadratically with the number of

scattered photons, but when 𝐹 ≳ 1, the scaling will become linear. However, for

sizeable OAT squeezing, 𝑄 ∼ 𝒪(
√
𝑆), the curvature of the Bloch sphere induces an

additional broadening of the distribution [108, 200]:

𝜉2KU → 𝜉2KU +
𝑄4

24𝑆2
. (5.11)

Thus the variance of the squeezed direction reaches a minimum for an optimal number

of scattered photons, as displayed in Fig. 5-5 (b). The increasing widths of the dips

around the atom-cavity resonance at 𝑥𝑎 = 50 with increasing scattered photon number

indicate the effect of the Bloch sphere curvature.

By fixing the atom number 𝑁 and centering the atomic state at the equator,

⟨𝑆𝑧⟩ = 0, i.e., ⟨𝑁̂↑⟩ = 𝑁/2, one can obtain an optimal frequency that yields the
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Figure 5-6: (a, b) the optimal Wineland parameter with respect to the optimized
photon number at given 𝑁 and detuning, without (a) and with (b) Bloch sphere
curvature effect, where from bottom to top the atom numbers are𝑁 = {1, 2, 4, 8, 16}×
500. The single-atom cooperativity is 𝜂 = 1.8. The green dots indicate the maximum
Wineland parameter for a given atom number. (c, d) show the optimum detuning
and maximum Wineland parameter as a function of atom number, corresponding to
the parameters of the green dots in subfigures (a, b); the data points correspond
to numerical simulations and the solid lines represent fits that hold for large atom
number 𝑁 ≫ 1.
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largest inverse Wineland parameter 𝜉−2, as shown in Fig. 5-6. When varying the

atom number, we can see that the optimum detuning is proportional to the vacuum

Rabi splitting, as displayed in Fig. 5-6(c). Therefore, no matter how many atoms are

loaded, the 𝑄,𝐹 parameters per scattered photon (denoted as 𝑄̂ ≡ 𝑄/𝑛sc
𝛾 , 𝐹̂ ≡ 𝐹/𝑛sc

𝛾 )

for the optimal detuning remain the same. The optimal Wineland parameter as a

function of the scattered photon number 𝑛sc
𝛾 for large 𝑁 therefore simplifies to

𝜉2 =
1 + 𝐹̂ 𝑛sc

𝛾

(𝑄̂𝑛sc
𝛾 )

2
𝑒2𝑛

sc
𝛾 /𝑁 ∼ 𝐹̂

𝑄̂
2
𝑁
𝑝−1𝑒2𝑝 (5.12)

where 𝑝 = 𝑛sc
𝛾 /𝑁 is the average photon number scattered per atom. The minimum

Wineland parameter is obtained for 𝑝 = 1/2, and the metrological gain scales as total

atom number 𝑁 , i.e., exhibits Heisenberg scaling [35]. If we consider the curvature

effect of the Bloch sphere, Eq. (5.11), then the metrological gain exhibits a scaling

with atom number as 𝑁0.73, as shown in Fig. 5-6 (d) based on numerical results.

For the same collective cooperativity 𝑁𝜂, the higher the single-atom cooperativity

𝜂, i.e. the smaller the atom number, the more severely the finite size of the Bloch

sphere limits the Wineland parameter. We note, however, that there are approaches

beyond spin squeezing that are not limited by the curvature of the Bloch sphere

[40, 203, 66, 35].

5.4 Experimental Results

We then apply the aforementioned optimization to the experimental setup, where the

results are published on [25].

During the experiments, we use two-color pulses as discussed earlier, the two pulses

are selected as 𝜔𝑙1 = 2𝜋 × 7.33 MHz, 𝜔𝑙2 = −2𝜋 × 2.0 MHz, and their power ratio is

𝛾 = 0.52. Fixing this pulse, we scan the photon sending in, which equals to scanning

𝑄 while keep 𝑄/𝐹 ∼ 7 fixed. After the squeezing, we rotate the state by 𝛼 clockwise.

To compare the data to a theoretical model, we first consider the polar angle of the

spin vector, defined as 𝜏𝛼≡
√
2𝑆 arcsin (𝑆𝑧(𝛼)/𝑆). Its variance 𝛿𝜏𝛼, normalized to the
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Figure 5-7: (a) Experimental setup. A one-dimensional optical lattice at 𝜆𝑡=759 nm
(red) traps the atoms. Light at 𝜆=556 nm light (green), whose transmission is
detected using a dichroic mirror (𝐷) and a single-photon counter (SPC), is used
for squeezing and probing. (b) Relevant energy levels of 171Yb with ground state⃒⃒
1𝑆0, 𝐼 = 1

2

⟩︀
and excited state

⃒⃒
3𝑃1, 𝐹 = 3

2

⟩︀
. The Zeeman splitting in

⃒⃒
3𝑃1, 𝐹 = 3

2

⟩︀
is

Δ𝑧/(2𝜋)=18.5 MHz for a magnetic field 𝐵𝑧=13.6 G along the cavity axis. (c) Cavity
transmission spectrum showing vacuum Rabi splitting for 𝑁𝜂=1800, as well as the
two squeezing light pulses 𝜔𝑙1 and 𝜔𝑙2. (d) Simplified representation of the squeezing
and measurement sequence. (e) Quasiprobability distributions for a CSS (red) and
SSS (blue).
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variance 𝛿𝜃𝐶𝑆𝑆 = (2𝑆)−1 of the CSS, is given by

𝛿𝜏𝛼
𝛿𝜃𝐶𝑆𝑆

= 1−𝑄 sin 2𝛼 +
(︀
𝐹 +𝑄2

)︀
sin2 𝛼. (5.13)

Here, 𝑄 is the dimensionless shearing strength (see Fig. 5-7(e)), defined as the nor-

malized light-induced phase shift ±𝜑/Δ𝜃𝐶𝑆𝑆 experienced by a spin displaced by one

standard deviation of the CSS from the equator, 𝑆𝑧 = ±
√︀
𝑆/2 as in Chap. 2. As

in (5.10), we find the minimum (𝜉2−) and maximum (𝜉2+) variances of the normalized

spin angle 𝜏𝛼,

𝜉2± =
1

2

(︁
2 + 𝐹 +𝑄2 ±

√︀
4𝑄2 + (𝐹 +𝑄2)2

)︁
, (5.14)

obtained at angles 𝛼−=arctan[(
√︀

4𝑄2+(𝐹+𝑄2)2−(𝐹+𝑄2))/(2𝑄)] and 𝛼+=𝛼−+𝜋/2,

respectively. The normalized uncertainty area of the SSS ellipse is therefore given by

𝐴=𝜉+𝜉−=
√
1+𝐹 . The relation between 𝛿𝜏𝛼 and the normalized spin variance 𝜎2(𝛼) of

𝑆𝑧(𝛼) is given by 𝜎2(𝛼)=(𝑆/2)[1−exp(−2 𝛿𝜏𝛼 /𝑆)]. For the CSS and the SSS quadra-

ture 𝜉2−, the approximation 𝜎2(𝛼)≈ 𝛿𝜏𝛼 holds, while the antisqueezed quadrature 𝜉2+
is reduced by the curvature of the Bloch sphere.

The solid lines in Fig. 5-8 are obtained by fitting the data to 𝜎2(𝛼)+𝜎2
𝑑 with 𝑄

and 𝐹 as the only fitting parameters, while 𝜎2
𝑑 is the previously measured detection

limit. We find good agreement between the model and the data, allowing us to extract

both the shearing strength 𝑄 and the QFI 𝐹 . In Fig. 5-9 we plot 𝑄 and 𝐹 versus

the number 𝑝𝑡 of transmitted photons during the optical squeezing. For negligible

technical noise we expect both 𝑄 and 𝐹 to be proportional to 𝑝𝑡. The solid lines

in Fig. 5-9 represent the predicted linear behavior of 𝑄 and 𝐹 obtained from an

analytical model of the system without any free parameters; the dotted line includes

the effect of finite measurement quality 𝜎2
𝑑=− 9.4 dB, that affects the measurement

of the squeezed quadrature 𝜉2−<1, and hence 𝐹 , but not 𝑄. The model without any

free parameters agrees remarkably well with the measured 𝑄 and 𝐹 , indicating the

absence of major technical limitations other than the finite state detection quality 𝜎2
𝑑.

The attainable metrological gain depends not only on the reduced spin noise 𝜉2−,

but also on the signal ⟨|𝑆⃗|⟩ [240] which determines the contrast 𝐶 of an interferometric
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Figure 5-8: Measured normalized spin noise 𝜎2(𝛼), as a function of the state rotation
angle 𝛼, for shearing strengths 𝑄 = 0.3 (blue circles), 𝑄 = 2.2 (green squares),
𝑄 = 4.5 (yellow triangles), and 𝑄 = 6.3 (red diamonds). For visualization, the data
measured at 𝛼=0 are displayed at 𝛼=0.02 rad. The solid lines are theoretical fits.
States in the violet region below the dashed line at 𝜎2 = 𝜎2

𝑑 = 0.11 (detection limit)
cannot be directly observed. Inset: 𝜎2

𝑠𝑡 of SSS after subtracting measurement noise
𝜎2
𝑑 for the same parameters.

measurement. The dominant loss of contrast is due to the scattering of photons into

free space during squeezing, which projects atoms into |↑⟩ or |↓⟩. The measured

Ramsey contrast as a function of 𝑄 is shown in Fig. 5-10, together with the a-priori

prediction 𝐶=𝐶0 exp
(︁
−(𝑄/𝑄̃+𝑄2/2)/𝑁

)︁
with the initial contrast 𝐶0=0.97 in the

absence of squeezing as the only fitting parameter. The linear term in exponents is

from photon scattering and the quadratic term is from finite size effect (3.44). Here,

𝑄̃ = 0.050(3) is the independently measured shearing strength per scattered photon.

The term 𝑄/𝑄̃ arises from photon scattering into free space, while the second, smaller

term accounts for the SSS wrapping around the Bloch sphere.

The metrological gain of a squeezed state is then given by the Wineland parameter

𝜉2𝑊=𝜉2−/𝐶
2 [240]. Fig. 5-10(a) shows 𝜉2𝑊 , the measured spin noise reduction 𝜉2−, and

the inferred squeezing 𝜉2𝑠𝑡=𝜉2−−𝜎2
𝑑 of the state after subtraction of the measurement

resolution 𝜎2
𝑑. For 𝑄 ≳ 6 the measured squeezing 𝜉2− saturates at 𝜎2

𝑑; 𝑄=6.3 also

optimizes the Wineland parameter at 𝜉2𝑊= − 6.5(4) dB. The inferred squeezing 𝜉2𝑠𝑡

is consistent with the prediction from the model with no free parameters (solid red
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Figure 5-9: Shearing strength 𝑄 (filled blue squares) and excess broadening factor 𝐹
(red circles) plotted vs. the number 𝑝𝑡 of transmitted photons. The open red circles
correspond to the directly measured data with the theoretical model without free
parameters (dotted red line), the solid circles are after subtraction of measurement
noise 𝜎2

𝑑 with a parameter-free model without (solid red line) and with (dashed red
line) Bloch-sphere-curvature-induced broadening.

line), which is limited by the Bloch sphere curvature to 𝜉2𝑠𝑡 = −15.9(6) dB. To our

knowledge, this is the first time that the limitation of spin squeezing due to the

curvature of the Bloch sphere [108] has been observed. The inferred metrological

gain without readout noise is 𝜉2𝑊=− 12.9(6) dB.

Finally, we directly demonstrate an interferometric measurement with a preci-

sion beyond the SQL by implementing a Ramsey sequence with a squeezed, nearly

uncertainty-limited input state (𝑄=3.8, area 𝐴=
√
1+𝐹=1.3). The state is chosen

to provide nearly optimum precision gain in the interferometer and in a future OLC

[24], see Fig. 5-10(a). We rotate the squeezed state by 𝛼=𝜋/2−𝛼− to align the min-

imal uncertainty along the phase axis, allowing the state evolve for a Ramsey time

𝜏𝑅=1.5 ms, and apply a final 𝜋/2 rotation to map the accumulated phase onto 𝑆𝑧.

In Fig. 5-10(c) we compare the phase Allan deviation of the SSS (red squares) with

that of the CSS (black circles). The Allan deviation for both CSS and SSS Ramsey

sequences is derived from 90 sequential measurements. The precision of the CSS in-

terferometer is accurately described by the SQL (black dashed line). The SSS reaches
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a given precision 4 times faster than a system at the SQL. The main limitation to

longer integration times is magnetic field noise.
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Figure 5-10: (a) Wineland metrological gain 𝜉2𝑊 (blue), measured spin noise reduction
𝜉2− (green), and inferred SSS noise 𝜉2𝑠𝑡 (red) as a function of shearing strength 𝑄. 𝜉2− is
limited by the measurement resolution and 𝜉2𝑠𝑡 by the curvature of the Bloch sphere.
(b) Ramsey contrast as a function of 𝑄 with initial contrast as only fitting parameter
(solid line). (c) Allan deviation of a phase measurement for a CSS (black squares)
with SQL (dashed line) and for a SSS with 𝑄 = 3.8 (𝑝𝑡=130), 𝐹 = 0.8 (red data).
The red solid line is fit to the first three data points. The reduction in measurement
time over the SQL is a factor of 3.7(2), represented by the orange star in (a).

In conclusion, we have demonstrated near-unitary cavity feedback squeezing. Our

measurements agree with a model without free parameters that predicts both the

area and shape of the squeezed state. The results presented here can be further im-

proved upon in several ways: state detection with a larger applied magnetic field will

reduce the Raman scattering and improve the measured spin noise and metrologi-

cal gain. Alternatively, one can use a squeezing-unsqueezing method [40, 87] that

is not limited by the detection quality, and that is also insensitive to the curvature
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of the Bloch sphere. The intrinsic squeezing of 𝜉2𝑠𝑡=−16 dB is already more than

halfway (on a logarithmic scale) between the SQL and the ultimate Heisenberg limit

at 𝜉2𝐻=−30 dB for 𝑁=103 atoms. The squeezing performance depends only on the

collective cooperativity 𝑁𝜂, and by placing the ensemble at a location in the cavity

with higher single-atom cooperativity at constant 𝑁𝜂, i.e., for smaller atom number,

the demonstrated performance could already be quite close to the Heisenberg limit.

Furthermore, the absolute squeezing will improve with increased collective cooper-

ativity in proportion to 𝑁𝜂. We expect that the spin squeezing can be transferred

from the nuclear spin directly to the |1𝑆0⟩ → |3𝑃0⟩ clock transition through an opti-

cal 𝜋 pulse, thus enabling optical-clock operation beyond the SQL. Finally, unitary

squeezing can also be used to enable quantum information processing with Gaussian

states [235, 163].
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Chapter 6

Coherent Operation on the Optical

Clock Transition

One of the major reasons we use ytterbium is it has a narrow transition 1𝑆0 → 3𝑃0.

Atomic physics tells us that dipole interaction should not change the spin degrees of

freedom; however, due to the spin-orbit coupling, this is lifted by the perturbation.

Furthermore, the 𝐽 = 0 → 𝐽 = 0 transition is also forbidden, and this time one needs

the nuclear spin or external field to open it up, which makes this transition very

weak, and even vanishes for bosonic isotopes where there is no nuclear spin. This

so-called clock transition makes ytterbium and strontium the best candidates as the

new reference of time standards.

The stability of state-of-the-art optical-lattice clocks (OLCs) is limited both by

the interrupted interrogation of the atomic system by the local-oscillator laser (Dick

noise [47]) and by the SQL that arises from the quantum noise associated with discrete

measurement outcomes. As described in Chap. 4, the CQED setup provides quantum-

enhanced metrology and can be applied directly to OLCs as we demonstrated in [168,

Pedrozo, et al., Nature (2020)].
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6.1 Introduction

For the purpose of improving the OLCs, we created a many-atom entangled state

on an OLC transition, and use it to demonstrate a Ramsey sequence with an Allan

deviation below the SQL after subtraction of the local oscillator (LO) noise. We got

a metrological gain of 4.4+0.6
−0.4 dB over the SQL using an ensemble consisting of a few

hundred 171Yb atoms, corresponding to a reduction of the averaging time by a factor

of 2.8 ± 0.3. Our results are currently limited by the phase noise of the LO and

Dick noise, but demonstrate the available performance improvement in state-of-the-

art OLCs [134, 225, 160, 198, 21, 254] through the use of entanglement. This will

enable further advances in timekeeping precision and accuracy, with many scientific

and technological applications, including precision tests of the fundamental laws of

physics [234, 190], geodesy [129, 70, 220], gravitational redshift [21], or gravitational

wave detection [109].

As shown in Fig. 1-2, the improvements in the fractional uncertainty in clock

performance are slowed down to about 1dB per year in the past few years. A 4.4dB

improvement in our experiment is significant for going beyond state-of-the-art OLC.

6.2 Characterizing the OLC performance

A clock operated with 𝑁 uncorrelated atoms for an averaging time 𝑇 at the SQL can

reach a quantum-noise-limited fractional stability given by

𝜎(𝜏𝑅, 𝑇 ) =
1

𝜔0𝜏𝑅

√︂
𝑇𝐶
𝑇

√︂
𝜉2𝑊
𝑁
, (6.1)

where 𝜏𝑅 is the interrogation time of the atoms by the clock LO laser, 𝑇𝐶 the clock cy-

cle time, 𝜔0 the angular frequency of the clock transition, and the Wineland parameter

is 𝜉2𝑊=1 [240] for ideal conditions with perfect quantum-coherent state preparation

and detection. The way to understand this formula is as follows. For single measure-

ment with 𝜏𝑅, the Fourier theorem gives directly the stability 1/𝜏𝑅, whose relative

stability is then 1/(𝜔0𝜏𝑅). The rest factors are just uncorrelated atoms/measurements
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with a square root reduction of the stability.

If the clock is operated at a duty cycle less than 1 (𝑇𝐶>𝜏𝑅), so that the LO is

not locked to the atomic evolution during part of the cycle, then the Dick noise 𝜎2
Dick,

arising from aliased high-frequency noise of the LO, should be added to Eq. 6.1 [47,

159]. The Dick noise can be suppressed by using more than one ensemble to eliminate

the dead time [198, 159, 21], or by performing simultaneous interrogation of more than

one ensembles [219, 156, 254].

The SQL, as described by Eq. 6.1 with 𝜉2𝑊=1, is not a fundamental limit, but can

be overcome by means of quantum correlations (entanglement) between the partici-

pating atoms. The simplest entangled state offering metrological gain is the SSS [108],

where the quantum noise is redistributed between two orthogonal spin quadratures,

one with reduced quantum noise (squeezed axis), and the other with increased noise

(anti-squeezed axis), see Fig. 6-1d. In this picture, each atom is associated with a

spin 1
2
, and the 𝑁 -atom ensemble with a collective spin 𝑆0 = 𝑁/2. By orienting the

squeezed quadrature of the collective spin along the phase axis during clock opera-

tion one can reduce the quantum noise and increase the clock stability. The potential

metrological gain over the SQL, expressed in variance, is then given by 𝜉−2
𝑊 , where the

Wineland parameter 𝜉2𝑊 = 𝜉2/𝐶2 [240] incorporates both the the variance reduction

𝜉2 of the spin noise compared to an unentangled coherent spin state (CSS), and the

magnitude of the mean spin vector |⟨𝑆⃗⟩| = 𝐶𝑆0.

Over the last decade, SSSs have been demonstrated in several systems. In neutral

atoms, up to 20 dB of spin squeezing beyond the SQL has been demonstrated using

optical techniques [88, 38]. However, given that it is more difficult to maintain phase

coherence at high frequencies, all spin squeezing so far has involved transitions whose

frequencies 𝜔0 are five to ten orders of magnitude smaller than optical frequencies,

and that exhibit proportionally reduced time-keeping precision (see Eq. 6.1). Building

on spin squeezing generation between nuclear sublevels of the electronic ground state

of 171Yb that we have recently demonstrated [25], here we report the generation of a

SSS on an optical transition, and demonstrate for the first time an OLC where the

atomic system can provide sensitivity beyond the SQL.
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Figure 6-1: Setup and squeezed-clock sequence. a, 171Yb atoms are trapped
inside an optical cavity in a two-dimensional magic-wavelength optical lattice along
the 𝑥 and 𝑧 directions (red beams). Light for optical pumping and spin squeezing
(green) is applied along the cavity axis 𝑧, while the clock laser (yellow) propagates
along 𝑥. b, Energy levels and transitions. Purple, green, and yellow pulses indi-
cate the ground-state radiofrequency (RF) transition |↓⟩ → |↑⟩, squeezing transition⃒⃒
1𝑆0,𝑚𝐼 =

1
2

⟩︀
→
⃒⃒
3𝑃1,𝑚𝐹 = 3

2

⟩︀
at 𝜔𝑎𝑡, and optical-clock transition |↑⟩ → |𝑒⟩, respec-

tively. The system evolves either in the ground-state manifold {|↓⟩ , |↑⟩} (purple Bloch
sphere), or in the clock-state manifold {|𝑔⟩ , |𝑒⟩} (yellow Bloch sphere). The cavity
frequency 𝜔𝑐 is tuned in resonance with the squeezing transition, 𝜔𝑐 = 𝜔𝑎𝑡. c, Spin
squeezing. Strong coupling of the atoms to the cavity results in vacuum Rabi split-
ting of the cavity resonance (red peaks). A laser is applied detuned from the Rabi
peak at frequency 𝜔𝑠𝑞 (green peak) to produce a SSS via cavity feedback [25]. d,
Squeezed-clock sequence. A SSS is prepared in the ground-state manifold {|↓⟩ , |↑⟩},
transferred to the clock manifold {|𝑔⟩ , |𝑒⟩}, evolved in a Ramsey sequence for time
𝜏𝑅, and mapped back onto {|↓⟩ , |↑⟩}, where a state measurement is performed. The
evolution of the quantum state is depicted on the Bloch spheres for the RF (purple)
and optical (yellow) transitions.
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Our clock operates with an ensemble of 𝑁 = 350 ± 40 171Yb atoms that are

confined in a two-dimensional magic-wavelength optical-lattice trap inside a high-

finesse (ℱ≈12000) optical cavity [25] (see Fig. 6-1a), and are Raman sideband cooled

to mean vibrational quantum number ⟨𝑛𝑥⟩ < 0.2, as explained as in Sec. 5.2. In

order to robustly create a SSS on the ultra-narrow optical-clock transition, we first

generate spin squeezing between the two nuclear sublevels |↑⟩ ≡
⃒⃒
1𝑆0,𝑚𝐼 = +1

2

⟩︀
and

|↓⟩ ≡
⃒⃒
1𝑆0,𝑚𝐼 = −1

2

⟩︀
of the electronic ground state 1𝑆0 using the interaction between

the atoms and the optical cavity [121, 25]. Subsequently we transfer the population of

|↑⟩ into the |𝑒⟩ ≡
⃒⃒
3𝑃0,𝑚𝐼 =

1
2

⟩︀
excited clock state with a 𝜋 pulse of the clock laser,

thereby mapping the SSS onto the optical-clock manifold {|𝑔⟩≡ |↓⟩ , |𝑒⟩} (see Fig.

6-1b).

The spin squeezing between the ground-state sublevels is achieved by optically

pumping the atoms into state |↑⟩, creating a CSS between |↑⟩ and |↓⟩ with a radiofre-

quency (RF) 𝜋/2 pulse, and then applying a laser pulse near the |↑⟩ →
⃒⃒
3𝑃1,𝑚𝐹 = 3

2

⟩︀

transition through the cavity (Fig. 6-1c). The atom-light interaction, amplified by

the cavity, approximates the one-axis twisting Hamiltonian [108, 125] with the lon-

gitudinal magnetic field, as explained in Sec. 3.3.1, (3.17): 𝐻̂ = 𝛽𝑆̂𝑧 + 𝜒𝑆̂
2

𝑧. A

spin-echo protocol is then used to cancel the linear term (𝑆̂𝑧), such that the system

evolves under an effective one-axis twisting Hamiltonian 𝐻̂ = 𝜒𝑆̂
2

𝑧 [108] for a time 𝜏𝑠

(see Fig. 6-1d). Finally, the reduced spin projection noise can be oriented along any

desired axis in the {|↑⟩ , |↓⟩} ground-state manifold by rotating the SSS around its

average spin direction ⟨𝑆⃗⟩ with another RF pulse. At this stage, we observe a spin

noise suppression 𝜉−2 = 6 dB (limited by the state detection, with an intrinsic spin

noise reduction of 9 dB), and a contrast of 𝐶 = 0.97. The SSS is nearly uncertainty

limited, with a detected area 1.9 times larger than the limit set by the Heisenberg’s

uncertainty principle.
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Figure 6-2: Squeezed state tomography. a, Rabi spectroscopy of the |↑⟩ → |𝑒⟩
transition to the clock state. The pulse duration is 0.22 ms. b, Rabi oscillations on the
clock transition. c, Tomographic measurements of the SSS before (purple diamond)
and after (orange circle) mapping onto the clock transition and back show very similar
degrees of squeezing. The theoretical expectation for a state with 𝜉2− = −5.9 dB is
shown as a gray solid line. Two measured data points for a CSS are also shown (blue
squares). The shaded area indicates the region below the SQL. Error bars represent
1𝜎 statistical confidence interval.
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6.3 Squeezing on the Clock Transition

Having prepared a SSS in the {|↑⟩ , |↓⟩} ground-state manifold, we then map it onto

the optical-clock transition 1𝑆0 → 3𝑃0 by phase-coherently transferring the population

of |↑⟩ to the state |𝑒⟩ with an optical 𝜋 pulse of the LO. We observe a clean Rabi

spectrum on the |𝑔⟩ → |𝑒⟩ transition (Fig. 6-2a), and coherent Rabi oscillations in

time (Fig. 6-2b). The 𝜋-pulse has a transfer efficiency of 0.95, mostly limited by finite

atomic temperature. This efficiency sets a limit on the observable noise reduction of

13 dB below the projection noise limit, and thus we do not expect any substantial

degradation of the spin squeezing to arise from mapping the SSS onto the |𝑔⟩ → |𝑒⟩
clock transition.

We first demonstrate that the entanglement survives the transfer |𝑔⟩ → |𝑒⟩ → |𝑔⟩
by characterizing the spin squeezing remaining after this process in the {|↑⟩ , |↓⟩}
manifold via state tomography (Fig. 6-2c). We observe that the squeezed noise dips

significantly below the standard quantum limit to a level 𝜉2 = −5.9+0.6
−0.8 dB, where the

given uncertainties are 1𝜎 statistical errors, and is essentially the same before and

after the mapping onto the clock levels.

Figure 6-3 shows the measured normalized spin noise 𝜉2 and Wineland parameter

𝜉2𝑊 as a function of Ramsey time on the optical-clock transition for both a CSS, and

for a SSS with its squeezed direction oriented along 𝑆𝑧 in the {|𝑔⟩ , |𝑒⟩} spin space.

In this configuration, that does not improve clock performance, but can be used to

characterize the entanglement [121], the LO phase noise does not affect the squeezed

quadrature 𝑆𝑧, and we observe that the 𝑆𝑧 spin noise remains reduced for times as

long as 1 s. While the observed Ramsey contrast decays due to LO phase noise with

a time constant of 𝜏LO = 6 ms, the intrinsic coherence of the atomic state (mean

atomic spin vector length |⟨𝑆⃗⟩|) can be determined even when the LO phase noise is

dominant (see Methods), and the corresponding result is displayed for both the CSS

and the SSS in the inset to Fig. 6-3. The ensemble spin coherence on the optical

clock transition decays exponentially with a time constant 𝜏ens = (0.8 ± 0.2) s both

for the CSS and the SSS. As Fig. 6-3 shows, after an interrogation time of ≈ 0.2 s
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Figure 6-3: Spin noise and Wineland parameter on the clock transition as
a function of time. The measured normalized 𝑆𝑧 spin noise 𝜉2 (solid circles) and
model (dashed lines) for the CSS (purple) and the SSS with squeezed axis aligned
along 𝑆𝑧 (dark-red) increases slowly with time. The increase is caused by the finite
800-ms lifetime of the state |𝑒⟩ due to scattering of the trapping light. The Wineland
parameter 𝜉2𝑊 (open squares) depends in addition on the contrast loss due to short-
ening of the atomic collective spin |⟨𝑆⃗⟩| (inset, blue data points for CSS, red for SSS,
with exponential fits). The solid lines represent the predicted Wineland parameter
using the fit to the measured contrast. 𝜏𝐿𝑂 indicates the coherence time of the LO.
Error bars represent 1𝜎 statistical confidence interval.
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the SSS is no longer sufficiently entangled to overcome the SQL, but it can still offer

metrological gain over the CSS for up to 0.5 s.
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Figure 6-4: Stability improvement with the squeezed clock. In all three subfig-
ures, the blue shaded area represents the region below the SQL, while the gray shaded
area in a, b, represents the additional contribution from LO phase noise. a, Inferred
single-clock cycle stability (self-comparison Allan deviation divided by

√
2 [2]) for a

CSS (sequence C1, blue) and a SSS (S1, red) with Ramsey time 𝜏S1 = 0.17 ms. The
squeezed clock operates within the gray region set by SQL and LO phase noise because
the quantum projection noise is reduced below the SQL. b, Allan deviation for a SSS
(sequence S2, green) with longer Ramsey time 𝜏S2 = 1.16 ms, where the total noise is
dominated by the LO noise. Inset: Ramsey fringes vs. LO phase 𝜙𝑜𝑝𝑡 of the second
Ramsey 𝜋-pulse for S2. c, Data for C1 and S1 after subtraction of the LO phase
noise, where the latter has been calculated from the data for S2. The dashed lines
indicate the expected performance estimated from the separately measured Wineland
parameter 𝜉2𝑊 , see Fig. 6-3. The other parameters for these measurement are: atom
number 𝑁 = 300 ± 30, single-cycle time 𝑇𝐶=4s, Ramsey contrast 𝐶𝐶1 = 0.91(1) for
CSS, 𝐶𝑆1 = 0.85(1) and 𝐶𝑆2 = 0.70(1) for SSS. Error bars represent 1𝜎 statistical
confidence interval.

6.4 Stability and Allan Deviation

In a fully operating atomic clock, the atomic phase is used to stabilize the LO phase

through feedback. Hence clock performance can be improved by the use of SSSs with

the squeezed axis oriented along the phase direction, which allow one to measure

the phase difference between atoms and LO with higher stability than a CSS, and

apply correspondingly better feedback [242]. The optimum Ramsey time that achieves

maximum gain over the CSS is determined by the combination of LO coherence time

𝜏LO and Wineland parameter [26].

137



In Fig. 6-4, we demonstrate the implementation of an OLC Ramsey sequence with

an entangled-state input and show that the atomic system provides stability beyond

the SQL. We implement the full clock sequence depicted in Fig. 6-1d with Ramsey

times of 𝜏S1 = 0.17 ms (Ramsey sequence S1, Fig. 6-4a) and 𝜏S2 = 1.16 ms (Ramsey

sequence S2, Fig. 6-4b). Fig. 6-4a shows that the squeezed clock, although it does not

operate beyond its SQL due to LO phase noise, has an Allan deviation 3 dB lower

than the one operated with a CSS. The LO phase noise Δ𝜑𝐿𝑂 in our system arises

predominantly from sequence-to-sequence frequency variations Δ𝜔/(2𝜋) = (78±3) Hz

of the LO, i.e., Δ𝜑𝐿𝑂 = 𝜏𝑅Δ𝜔 (see Methods), and is measured with the sequence S2

with longer Ramsey time. We can then remove Δ𝜑𝐿𝑂 from the Allan deviation of the

S1 data to obtain the intrinsic stability of the atomic clock system operated with the

SSS at Ramsey time 𝜏S1 (red circles in Fig. 6-4c). We further show for comparison a

clock operated with a CSS under the same conditions, and with LO noise also removed

(blue circles). The entangled atomic system exhibits stability that is 4.4+0.4
−0.6 dB below

the SQL, and 5.7 dB below the CSS, since the latter is also subject to imperfect state

detection and contrast loss. The observed stability improvement due to entanglement

is in excellent agreement with that expected from the measured Wineland parameter.

6.5 Outlook

In conclusion, we have generated for the first time spin squeezing for many atoms

between atomic levels whose energies differ on the scale of optical photons, and used

it to demonstrate an optical-clock sequence where entanglement provides stability

in the atomic system beyond the SQL. Our system is currently limited by LO phase

noise and Dick noise, and a reduction of both will be required to fully operate an OLC

beyond the SQL. With improvements in LO oscillator stability [134, 225, 160, 198]

and duty cycles approaching 100%, the Dick noise will be at the same level or smaller

than the SQL [159]. Then, a state-of-the-art OLC with 2000 atoms, Ramsey time

of 𝜏𝑅 = 2 s, cycle time 𝑇𝐶 = 2.3 s, and contrast of 𝐶 = 0.91 that is limited by the

excited-state lifetime, at a metrological gain of 12 dB that can be obtained by improv-
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ing the state detection would reach a fractional stability of 𝜎𝑠𝑞 = 1.4×10−18 s1/2/
√
𝑇 .

With further improvements in LO performance using novel stabilization schemes [142],

we expect no major roadblocks to Ramsey times of tens of seconds using SSSs, and

correspondingly improved clock stability in atoms with sufficiently long excited-state

lifetime. Moreover, several future fundamental tests based on optical clock transi-

tions, such as the detection of low-frequency gravitational waves [91] or the search for

certain types of dark matter [176], require finite bandwidth of the sensor [91, 176].

These applications require short Ramsey time and can fully profit from the sensi-

tivity improvement offered by SSS’s. With respect to the Dick noise, some tests of

fundamental physics that require the comparison of the transition frequencies be-

tween two (or more) atomic ensembles, such as red-shift measurements, gravitational

wave detection, and physics beyond the standard model [185, 191, 220], can be per-

formed by interrogating the atomic ensembles simultaneously, thus removing the Dick

noise [219, 156]. Finally, while possible systematic limitations to the absolute accu-

racy of the clock due to the presence of the cavity need to be carefully investigated, we

anticipate that those adverse effects can be controlled at the level of 10−19 or better.
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Chapter 7

Time-Reversal of the Hamiltonian

and Its Applications on Quantum

Metrology

As both seen in Chap. 5 and Chap. 6, we probably had generated a better spin

squeezing but the measurement precision is limited by the final state readout. Not

only for squeezed states. It is possible to create more complex many-body entangled

states than SSS, and such states can also potentially offer even more improvement

over the SQL, but is even more vulnerable to detection and readout protocol.

In order to harness from such complicated states, a particularly interesting pos-

sibility is the generation of an evolution effectively backwards in time by switching

the sign of a many-body Hamiltonian 𝐻̂. Since the evolution of a quantum state is

governed by the operator 𝑈̂ = exp
(︁
−𝑖𝐻̂𝑡/ℏ

)︁
, such a sign change from 𝐻̂ to −𝐻̂ is

equivalent to an evolution backward in time under the original Hamiltonian 𝐻̂.

It turns out that this type of time-reversal process can be used for quantum

metrology well beyond the SQL. Furthermore, this process may potentially allow one

to operate a clock close to the truly fundamental Heisenberg Limit. The latter is

determined by the Heisenberg uncertainty rules for angular momentum, and sets a

limit 𝑁−1 to the improvement of the clock precision with atom number 𝑁 , as opposed

to the 𝑁−1/2 SQL. For 104 atoms, a clock at the Heisenberg limit could outperform
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the SQL by a factor of 100.

In this chapter, I will present our demonstration of such a scheme where a strongly

entangled state is generated by a many-body Hamiltonian. This state is highly sensi-

tive to small displacements, and if such a displacement occurs, it can be made directly

visible after an evolution “backward in time” with the negative Hamiltonian. This

effectively leads to an entanglement-induced signal amplification that enables the op-

eration of a quantum sensor or clock well beyond the SQL, and at a fixed distance

from the Heisenberg Limit as we vary the atom number. We achieve a precision

improvement that is linear in the atom number, rather than improving only as the

square root of the atom number. This system also yields the highest gain, by a factor

of 15 (11.8± 0.5 dB) beyond the SQL that is the highest among any interferometric

device demonstrated so far. Such a reversal-based protocol is called signal ampli-

fication through time-reversed interaction (SATIN) protocol, following the proposal

in [40]. The demonstrated SATIN protocol can be readily applied to a state-of-the-art

optical lattice clock by mapping the generated entangled state on the optical clock

transition via a coherent optical 𝜋-pulse [168]. It is worth noting that, in order to

avoid large systematic errors due to collisions, optical lattice clocks [157, 225] operate

with limited total atom number 𝑁 = 102−104, a region that we reach and investigate

here with the SATIN protocol.

7.1 Introduction

Our system consists of up to 𝑁 = 400 laser cooled 171Yb atoms that are trapped in an

optical lattice inside a high-finesse optical resonator (Fig. 7-1a) [25]. We work in the

nuclear-spin manifold 𝑠 = 1
2

of the electronic ground state 1𝑆0, and first create a state

of the collective atomic spin Ŝ =
∑︀

ŝi pointing along the 𝑥 axis (coherent spin state,

CSS). The collective spin operators are defined through the Pauli matrices (𝜎̂𝑥,𝑦,𝑧) as

𝑆̂𝑘 = (1/2)
∑︀𝑁

𝑗=1 𝜎̂𝑘,𝑗 with 𝑘 = 𝑥, 𝑦, 𝑧. In this product state of the individual spins s𝑖,

each atom is in a superposition of the states |↑⟩ ≡
⃒⃒
𝑚𝑠 = +1

2

⟩︀
and |↓⟩ ≡

⃒⃒
𝑚𝑠 = −1

2

⟩︀
.
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a. b.

ˆ ˆ

Figure 7-1: Setup and sequence. a. 171Yb atoms are trapped inside an optical
cavity in an optical lattice. Light for state preparation, entanglement generation,
and state measurement (green) is sent through the cavity along the 𝑧 axis. The
static magnetic field defines the quantization axis parallel to 𝑧. b. SATIN proto-
col sequence with the quantum-state evolution (top) and relevant energy-levels and
cavity mode (bottom). Wigner quasiprobability distribution functions describing the
collective quantum state are calculated for an ensemble of 𝑁 = 220 atoms, and are
represented on the generalized Bloch sphere for the ground-state manifold {|↓⟩ , |↑⟩}.
An entangling light pulse is passed through the cavity detuned by +Δ from the
|↑⟩ → |𝑒⟩ transition and the cavity mode. This light generates the nonlinear OAT
Hamiltonian 𝐻̂ ∝ 𝑆̂

2

𝑧 which shears the initial CSS state (green arrows on the gen-
eralized Bloch sphere), the state depicted here corresponds to a shearing angle of
𝑄 = 0.7

√
𝑁 = 10.4. A rotation 𝜙 about the 𝑆𝑦 axis displaces the state such that

⟨𝑆̂𝑧⟩ = 𝜙𝑆0; this rotation can be induced both by a direct resonant rf-pulse or effec-
tively via a compound sequence ℛ𝑦(𝜋/2)ℛ𝑧(𝜙)ℛ𝑦(−𝜋/2) as in Ramsey spectroscopy
with squeezed states (ℛ𝑗(𝛼) denotes a rotation of angle 𝛼 about the 𝑗 axis). We
first characterize the protocol by applying a direct rotation along the 𝑦 axis while
later we implement it in a phase sensitive Ramsey sequence, where the ℛ𝑧(𝜙) results
from the accumulated phase in a spin echo sequence. Subsequently, a (dis)entangling
light pulse is sent through the cavity detuned by −Δ from the |↑⟩ → |𝑒⟩ transition
and the cavity mode. This pulse generate the negative OAT Hamiltonian −𝐻̂ which
causes the quantum state to evolve effectively "backwards in time". With 𝜙 = 0 the
quantum state evolves back to the original CSS, while for a small angle (𝜙 ̸= 0) the
final state is displaced by an angle 𝑚𝜙 from the original CSS, where 𝑚 is the SATIN
signal amplification.

We then apply the one-axis twisting (OAT) Hamiltonian [108]

𝐻̂ = 𝜒𝑆̂
2

𝑧 (7.1)
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to the CSS to create an entangled state (see Fig. 7-1). The OAT Hamiltonian is

generated by the nonlinear interaction between the atoms and light that is being

applied to the cavity [25, 168, 125]. The light-atom interaction as a generator of

entanglement offers the advantage that it can not only be turned on or off arbitrarily,

but also that the sign of 𝐻̂ can be changed by adjusting the frequency of the incident

light, as discussed in Chap. 3. When we apply 𝐻̂ for a time 𝑡, the state evolves under

the OAT operator 𝑈̂ = exp
(︁
−𝑖𝑄

𝑁
𝑆̂
2

𝑧

)︁
, where we use the twisting parameter 𝑄 ≡ 𝑁𝜒𝑡

as defined in (3.21). Here we also define a normalized parameter 𝑄̃ ≡ 𝑄/
√
𝑁 , and

𝑄̃ = 2𝜋 corresponds to a state wrapped all around the Bloch sphere, as an indication

of non-Gaussianity.

7.2 Characterizing the Reversibility

We first characterize the action of the OAT Hamiltonian 𝐻̂ and the effective evolution

"backwards in time" that can be obtained by applying −𝐻̂ subsequently to 𝐻̂. To

this end we measure for various twisting strengths 𝑄̃+ the spin distribution along

the 𝑆𝑦 axis and its normalized variance 𝜎2
𝑦 ≡ 2(Δ𝑆𝑦)

2/𝑆0. (Here 𝑆0 = 𝑁/2 and the

SQL, obtained for the CSS, corresponds to 𝜎2
𝑦 = 1). For small 𝑄̃+ ≪ 1, the OAT

operator 𝑈̂(𝑄̃+) creates an SSS with a Gaussian envelope, while for 𝑄̃+ ≥ 0.5 the state

stretches around a substantial portion of the Bloch sphere. As Fig. 7-2a shows, we

observe strongly non-Gaussian probability distributions along the 𝑆𝑦 axis that agree

well with the expected evolution from the OAT Hamiltonian calculated without any

free parameters. We also verify that the 𝑆̂𝑧 distribution remains unaffected by the

OAT.

If we subsequently apply the negative Hamiltonian and the corresponding untwist-

ing operator 𝑈̂(𝑄̃−), then for a matched untwisting magnitude, 𝑄̃− = −𝑄̃+, the state

distribution for the 𝑆𝑦 axis reverts back to a Gaussian distribution with a variance

that is only slightly increased compared to the original CSS (Fig. 7-2a bottom and

7-2b). The residual broadening can be explained by the fact that the OAT Hamilto-

nian 𝐻̂ of Eq. 7.1 is only an approximation to the actual physical process, where the
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Figure 7-2: State evolution during SATIN sequence. a. Histograms showing
the distributions of along the 𝑆𝑦 axis measured at different times during the SATIN
sequence. The system transitions from Gaussian states (blue histogram) to strongly
non-Gaussian states (red, orange). After reversing the sign of the Hamiltonian, the
original CSS is almost recovered (orange, lower plot). The solid lines are the predicted
distributions from a theoretical model including finite contrast 𝒞, measurement reso-
lution 𝜎2

𝑚𝑒𝑎𝑠 = 0.15 (i.e., a resolution of 6 atoms for 𝑁 = 220), and excess broadening
from light-atom entanglement ℐ. The Bloch spheres show the expected Wigner quasi-
probability distributions at the corresponding times. b. The normalized 𝑆𝑦 variance
(𝜎2

𝑦 ≡ 2(Δ𝑆𝑦)
2/𝑆0) as a function of the unshearing strength 𝑄̃− for 𝑄̃+ = 0.5. The

dashed line shows the model prediction. c. Measured variances of 𝑆𝑦 resulting from
shearing with 𝑄̃+ (solid circles), and after the corresponding unshearing 𝑄̃− (open
circles), with 𝑄̃− = −𝑄̃+. Solid lines are theoretical predictions, including 𝒞, 𝜎2

𝑚𝑒𝑎𝑠

and ℐ. All error bars represent 1𝜎 statistical uncertainty resulting from 100 to 150
experimental realizations. Error bars of 𝜎2

𝑦 are inferred by bootstrapping the data.

transmitted and scattered light carries some residual information about the atomic

spin 𝑆̂𝑧. Then tracing over the unobserved light degrees of freedom causes an excess

broadening of 𝜎2
𝑦 by a factor 1 + ℐ [25]. To quantify the excess broadening ℐ, we fix

𝑄̃+ and measure 𝜎2
𝑦 vs. 𝑄̃−. Data for 𝑄̃+ = 0.5 and 𝑁=220 ± 12 atoms are shown

in Fig. 7-2b. It is clear that 𝜎2
𝑦 is indeed minimized near 𝑄̃− = −𝑄̃+, with a small

excess broadening of ℐ = 0.9 ± 0.4 ≲ 1, comparable to the initial noise area of the
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CSS (1 in the chosen units), after accounting for measurement resolution (increasing

𝜎2
𝑦 by 0.15±0.02) and contrast loss (decreasing 𝜎2

𝑦 by 0.7±0.1). Our algebraic model,

without any fitting parameters, agrees remarkably well with the data. Fig. 7-2c shows

the variance of 𝑆̂𝑦 resulting from the shearing 𝑄̃+ (solid circles), and after the un-

shearing 𝑄̃− (open circles). The data points are fitted to the theoretical curve taking

into account the different sources of decoherence: excess broadening ℐ, finite contrast

𝒞, and measurement resolution 𝜎2
𝑚𝑒𝑎𝑠.

We next measure the small-signal amplification 𝑚 provided by the SATIN proto-

col. To this end, we prepare a strongly entangled state by evolving a CSS under the

OAT operator 𝑈̂(𝑄̃+), rotate this state by a small angle 𝜙 around the 𝑦 axis such that

⟨𝑆̂𝑧⟩ = sin(𝜙)𝑆0 ∼ 𝜙𝑆0, and apply the untwisting operator 𝑈̂(𝑄̃− = −𝑄̃+) which am-

plifies 𝜙 by a factor𝑚 and maps it onto the 𝑦 axis, resulting in ⟨𝑆̂𝑦⟩ = 𝑚⟨𝑆̂𝑧⟩ ∼ 𝑚𝜙𝑆0.

We measure how ⟨𝑆̂𝑦⟩/𝑆0 scales with 𝜙 for different 𝑄̃+ and present the results in

Fig. 7-3a, which compares the signal amplification of the SATIN scheme to a mea-

surement with a CSS (for which 𝑚SQL = 1). Note that for large displacements 𝜙 the

finite size of the Bloch sphere makes the mapping of the rotation angle 𝜙 onto ⟨𝑆̂𝑦⟩
nonlinear. The measured data are well described by the model.

Fig. 7-3b shows the amplification 𝑚 vs. 𝑄̃+ together with the theoretical model.

The amplification scales linearly with 𝑄̃+ for 𝑄̃+ ≪ 1 and reaches its maximum at

𝑄̃+ ≈ 0.7, larger than the optimum value 𝑄̃+ = 0.4 for minimizing the variance of

the spin squeezed state for the same atom number. Even the state with 𝑄̃+ = 1.3

outperforms the squeezed state by several dB. This non-Gaussian state has as root-

mean-square (rms) phase spread of 1.3 rad, where a state with a uniform distribution

between 0 and 2𝜋 would have an rms phase spread of 𝜋/
√
3 ≈ 1.8 rad. This demon-

strates the usefulness of non-Gaussian states for quantum metrology.

The sensitivity 𝛿𝜙 of the SATIN protocol, i.e., the minimal resolvable displacement

of a state, can be estimated as the displacement 𝑚𝑆0𝛿𝜙 at the end of the sequence

that equals the measured uncertainty Δ𝑆𝑦 = 𝜎𝑦
√︀
𝑆0/2 after the twisting-untwisting

sequence for 𝜙 = 0. Thus, the gain of the SATIN protocol over the SQL with
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Figure 7-3: Signal amplification and metrological gain. All data are taken with
𝑁 = 220± 12 atoms. a. The mean value ⟨𝑆̂𝑦⟩/𝑆0 as a function of the angle 𝜙. The
solid black line is the maximal signal that can be reached with a CSS. Dashed lines
represent calculations, solid lines are the linear fit to the data for small 𝜙. b. The
signal amplification as a function of the shearing parameter 𝑄̃+. The solid line is the
model prediction. c. The resulting metrological gain 𝒢 as a function of the squeezing
strength 𝑄̃+, solid line shows the model prediction. The gray area represents the
metrological gain accessible with a simple OAT squeezing in the same system with a
measurement resolution 𝜎2

𝑚𝑒𝑎𝑠 = 0.15 in variance (−8.2 dB). Error bars represent 1𝜎
confidence intervals.

sensitivity (Δ𝜙)SQL = 1/
√
2𝑆0 is given by

𝒢 =
(Δ𝜙)2SQL

(𝛿𝜙)2
=
𝑚2

𝜎2
𝑦

=
𝑆0

2

𝑚2

(Δ𝑆𝑦)2
. (7.2)

In Fig. 7-3c we present the resulting metrological gain 𝒢(𝑄̃+) for an ensemble of

𝑁 = 220 atoms. Since 𝜎2
𝑦 does not change significantly when increasing 𝑄̃+, the
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metrological gain approximately follows the behavior of 𝑚 and peaks around 𝑄̃+ ≈
0.7. At larger values of 𝑄̃+ the signal amplitude is reduced due to contrast loss from

photon scattering into free space. For 𝑁 = 220 atoms the metrological gain peaks at

𝒢 = 10.8± 0.6 dB. This is more than 6 dB larger than the maximal gain achievable

with spin squeezing in the same system, which is limited by measurement resolution

and decoherence to 4.7 dB.

Furthermore, we investigate the scaling of the sensitivity with atom number 𝑁 .

Unlike spin squeezing [108] and the quantum magnification protocol of Ref. [87], the

SATIN protocol is not limited by the curvature of the Bloch sphere, and therefore we

expect that under optimum conditions the precision improves in proportion to the

atom number, corresponding to HS. Fig. 7-4 shows that when we vary 𝑁 between 50

and 370, we indeed measure a gain over the SQL that varies as 𝒢 ∝ 𝑁 , achieving

HS. This implies that the averaging time necessary to achieve a certain resolution

improves as 𝑁2 for the SATIN protocol, as predicted in Ref. [40]. In particular, for

𝑁 = 370± 20 atoms we reach 𝒢 = 12.8± 0.9 dB.

Finally, we implement a full (phase) interferometer for ac magnetic fields in the

form of a spin echo SATIN Ramsey sequence. We first apply the OAT operator,

then rotate the oversqueezed state about the 𝑆𝑥 axis with a 𝜋/2-pulse, thus making

it sensitive to phase perturbations (i.e. rotations about the 𝑆𝑧 axis). Subsequently,

we rotate the state back by another 𝜋/2 pulse about the 𝑆𝑥 axis before subjecting it

to the negative Hamiltonian. To cancel fluctuations of the static magnetic field, we

apply a spin echo 𝜋-pulse, separated from the 𝜋/2 pulses by 1.73 ms, thus realizing

an interferometer sensitive to ac magnetic fields with peak sensitivity at 290 Hz. We

observe a metrological gain of 𝒢 = 11.8 ± 0.5 dB with 𝑁 = 340±20 atoms in the

interferometer (solid red star in Fig. 7-4c), slightly exceeding the previous record

of 10.5 ± 0.3 dB [88] in a Ramsey interferometer (atomic clock) with large atom

number. The gain 𝒢 achieved with the SATIN Ramsey sequence represents a factor

of 15 of reduction in averaging time for a desired precision (see Fig.7-4b). Our Ramsey

interferometer also performs near the HS limit for the SATIN protocol, as shown by

the data point (solid red star) in Fig. 7-4c.

148



●

●

●

●

●
●

●

●

●

●

1 2 5 10
2

5

10

20

50

7

17

35

69

173

■

■

■

■
★★★★














★★

★★

★★

★★

★★
★★

★★

★★

★★★★ ★★★★

★★★★ □□ 

1 10 100 1000 104 105 106
0

5

10

15

Phase
Displacement

Ramsey time� -

H
ei

se
nb

er
g

lim
it

:
Δ
𝜙
=
1/
𝑁

Δ
𝜙
∝
1/
𝑁

SQL : Δ𝜙 = 1/
√
𝑁

a. b.

c.
number of measurements

×15

A
lla

n
de

v.
(p

ha
se

m
ra

d)

A
lla

n
de

v.
(f

re
q.

H
z)SQL

m
et

ro
lo

gi
ca

lg
ai

n
(d

B
)

𝑁

[161]

[150]
[174]

[18]

[88]

[88]
[38]

[207]
[4]

[25]

[133]
[152]

[152]

[77]

[11]
[201]

[168]

Figure 7-4: Scaling of sensitivity with atom number and comparison with
previous results. a. Block diagram showing a SATIN scheme applied to a Ramsey
interferometry experiment. Here the compound sequence of pulses that maps the
phase accumulated during the Ramsey time into a phase displacement about the 𝑆𝑦
axis. b. Phase Allan deviation plot of Ramsey spin echo interferometry performed
with a CSS (purple circles) and an optimally over-squeezed state in a SATIN protocol
(red circles). In both cases we used 340±20 atoms in the interferometer. The shaded
purple area indicates the region below the SQL. The data for the SATIN sequence is
fitted to a white noise model (red dashed line) showing 11.8±0.5 dB of metrological
gain over the SQL. c. Comparison with previous results. Blue data: BEC experi-
ments [77, 11, 152, 111, 201, 133]. Red data: Thermal atoms [4, 207, 38, 88, 25, 92].
Dark gray data: Ions [150, 18, 174]. Light gray data: Rydberg atoms in a tweezer
array [161]. Green data: squeezing generated in an optical-lattice clock [168]. Squares
are expected metrological gains, obtained by quantum state characterization. Stars
refer to directly measured phase-sensitivity gain. Solid symbols are obtained in this
work. Error bars represent 1𝜎 confidence interval. Horizontal error bars are smaller
than the markers.
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Under ideal conditions, the SATIN protocol provides a metrological gain only

4.3 dB away from the HL [40] for an optimized shearing strength 𝑄̃
𝑜𝑝𝑡

+ = 1. Dissi-

pation in the atomic system, in our system due to photon scattering and light-atom

entanglement, reduces the maximum available gain and the optimum shearing pa-

rameter 𝑄̃
𝑜𝑝𝑡

+ . For our parameters, 𝑄̃
𝑜𝑝𝑡

+ = 0.7, which reduces the metrological gain by

0.9 dB, while the interferometer contrast loss and non-unitary state evolution under

the full Hamiltonian contribute 4.4 dB and 3.2 dB, respectively. The joint effect of

these imperfections imposes a distance 12.6 dB from the HL. To move closer to the

HL, the dissipation in the system must be reduced by increasing the atom-cavity

coupling, as characterized by the single-atom cooperativity 𝜂 (see Methods). For ex-

ample, by increasing 𝜂 by a factor 10 to 𝜂 = 80, we expect performance only 8 dB

away from the HL. At present, we have seen no deviation from HS, i.e. the mea-

surement precision improves linearly with atom number 𝑁 . The latter can likely be

increased in the future by means of optimized loading protocols, like a recooling and

retrapping sequence [90], in the two-dimensional optical lattice.

It is known that in the presence of noise, HS reverts back to a fixed improvement

over the SQL (i.e. 𝑁−1/2 scaling) at sufficiently large atom number [57, 44]. In our

system, in the full interferometer demonstrated in Fig. 7-4c, the expected dominant

limitation is the finite vacuum that induces an atom loss rate 𝛾𝐿𝑜𝑠𝑠 = 0.1 s−1; the

latter results in a transition from HS to SQL scaling at 𝑁≈4×104 for a Ramsey time

of 3.46 ms used here. This is larger than the maximum atom number (102−104) used

in optical-transition clocks to keep systematic errors through collisional shifts under

control [157, 225]. However, to retain HS to this level, technical parameters, such

as the squeezing light and the RF rotation pulses, need to be stringently controlled.

Furthermore, the relative photon number of the 𝑄̃+/𝑄̃− shearing/unshearing pulses

needs to be stable near the shot noise level, which corresponds to a moderate 5% for

our ensemble size.

Our protocol can be used for a variety of fundamental and applied purposes, such

as tests of fundamental laws of physics [190, 191], the search for physics beyond the

Standard Model [176, 45, 6, 234], the detection of gravitational waves [109], or geodesy
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[129, 70, 220]. As with all entanglement-based protocols beyond the SQL, they are

useful to boost the sensitivity in applications that require performance in a given

bandwidth or limited time. For instance, by coherently transferring the entanglement

onto the ultra-narrow optical clock transition by means of a high-fidelity optical 𝜋-

pulse [168, 248], the protocol can be directly used to search for transient changes in

the fundamental constants induced by dark matter [45].
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Chapter 8

Exponential Dynamics on An

Unstable Trajectory;

Out-of-Time-Ordered Correlators

In Chap. 7, we described how to implement the SATIN protocol for signal ampli-

fication. A question, though it sounds naïve, is actually very important: why is

the displacement along 𝑆𝑧-direction while the amplified signal is along 𝑆𝑦 direction?

The complete answer is highly non-trivial, but to a certain level, this is because the

𝑆𝑧-displacement is generated by the 𝑆̂𝑦 operator, which doesn’t commute with the

system’s OAT Hamiltonian.

This idea resonates with the community studying operator dynamics in compli-

cated interacting systems. One of the studies is focusing on initially commuting

operators’ non-commuting behavior as time evolves, which is now known as the out-

of-time-order correlator (OTOC) and quantum scrambling. Quantum scrambling de-

scribes the spreading of local information into many degrees of freedom in quantum

systems. This provides the conceptual connection among diverse phenomena ranging

from thermalizing quantum dynamics to models of black holes. The OAT system,

though it is of certain interest in the beginning [63], soon turned out to be trivial

since it contains too many integrals of motion and the dynamics is not exponential.

In fact, the whole study of time-invariant Hamiltonian within the Bloch sphere can-
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not be chaotic due to the number of effective degrees of freedom being two, less than

the requirement of chaos.

As one can easily see, this restriction has two workarounds: either to break the

time-invariant condition to make it floquet, or search for exponential dynamics and

information scrambling without chaos. The first approach is interesting and has been

demonstrated in the spinor BEC system with a similar Hamiltonian [224] but intrinsi-

cally makes the system hard to control. The second way is exactly what I will take in

this chapter, i.e., looking for chaotic-ish dynamics in a non-chaotic quantum system.

In this chapter we experimentally probe the exponential scrambling of a multi-particle

system near a bistable point in phase space and utilize it for entanglement-enhanced

metrology. We use a time-reversal protocol to observe a simultaneous exponential

growth of both the metrological gain and the out-of-time-order correlator, thereby

experimentally verifying the relation between quantum metrology and quantum in-

formation scrambling. Our experiments demonstrate that fast-scrambling dynamics

capable of exponentially fast entanglement generation are useful for practical metrol-

ogy, resulting in 6.8(4) dB gain beyond the Standard Quantum Limit.

But, before I start this chapter, I want to briefly describe Fig. 8-1, which was

removed from the manuscript [126] based on the opinions of other coauthors. I,

however, find it really important and meaningful. Thus though I agree that Fig. 8-2

better summarizes this chapter as well as [126] and provides a concrete and general

statement, I would still bring Fig. 8-1 here.

Basically, quantum information science and quantum metrology, two fields of stud-

ies harnessing the nature of quantum entanglement, are closely related. Specific to

this chapter, we can find that basically the same process can be understood in differ-

ent languages and makes perfect sense to experts in the respective fields. In terms of

the SATIN quantum metrology, we start with a coherent (classical) state and gener-

ate a metrological useful state with a high QFI from the initial state. Then we use

this state to detect a small signal and use the time-reversal to readout this signal to

obtain the metrological gain. But on the other hand, this can be understood as the

quantum system getting scrambled, and then we inject some quantum information.
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Figure 8-1: Equivalence of time-reversal based quantum metrology beyond
the standard quantum limit (SATIN) and the fidelity out-of-time-order
correlator (FOTOC). The Bloch spheres and the shaded regions represent the
Hilbert spaces and the states’ Wigner distribution, respectively. The blue lines de-
scribe the procedures from the quantum information science point of view, while the
red lines are in the quantum metrology language.

The information undergoes unscrambling; then, we can measure the FOTOC from it.

So now, let’s jump into how this is eventually achieved.

8.1 Introduction to The Big Idea: Quantum Scram-

bling

Even though all unitary dynamics of quantum systems are in principle reversible,

it is extremely challenging in practice to reverse the arrow of time in generic inter-

acting many-body systems. This is because any small perturbations or imperfec-

tions in time-reversed dynamics can lead to highly complicated, non-local changes

in quantum wavefunctions, similar to the butterfly effect in chaos theory. Dubbed

information scrambling [206, 217, 123], this quantum mechanical effect gives rise to a
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Figure 8-2: Time-reversal based exponential growth of sensitivity in a sys-
tem with an unstable fixed point. A, Classically, for a trajectory with a positive
Lyapunov exponent 𝜆1 > 0 an initial signal (displacement) 𝛿(0) increases exponen-
tially over time. For quantum dynamics, however, an initial overlap between two
states is preserved under unitary evolution. To amplify the signal similarly to the
classical case, one needs to evolve the state under the nonlinear 𝐻̂, resulting in de-
creased quantum fluctuations along a direction with negative Lyapunov coefficient
𝜆2 < 0. A displacement along this direction followed by application of the negative
Hamiltonian −𝐻̂ (such that 𝜆1,2 → −𝜆1,2) is then used to amplify the signal. These
plots also correspond to the Bloch sphere, where the 𝑆𝑦 and 𝑆𝑧 axes are labeled as in
the left subplot of the middle row. B, Experimental setup. The LMG Hamiltonian
is generated by the interaction of the collective atomic spin with light inside a cavity
on the transition |↑⟩ → |𝑒⟩, while a radiofrequency magnetic field is applied to rotate
the atomic spin.
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variety of novel phenomena and applications ranging from models of quantum grav-

ity [205, 155] to quantum metrology [4]. The speed of information scrambling is

quantified by out-of-time-ordered correlators (OTOCs) [117, 107]. In certain sys-

tems, the OTOC grows exponentially fast over time 𝑒𝜆𝑄𝑡, where 𝜆𝑄 > 0 defines the

generalized quantum Lyapunov exponent [107]. OTOCs have been measured [124]

and used as probes for various many-body phenomena, such as thermalization [67],

quantum phase transitions [236], many-body entanglement growth [63], and quan-

tum scrambling [116, 22, 145]. However, the observation of exponential scrambling

has remained elusive.

One approach to effective time-reversal involves changing the sign of the Hamil-

tonian 𝐻̂→−𝐻̂ during the evolution of highly engineered quantum systems. In the

field of quantum metrology, it enables a family of powerful quantum amplification

protocols [40, 60, 87, 158, 137, 66, 35, 139] such as signal-amplification-through-time-

reversed-interaction (SATIN) [35]. Such protocols can be robust against many limita-

tions that usually affect entanglement-enhanced atomic sensors, including imperfect

measurements. In the presence of exponentially scrambling dynamics (see Fig. 8-2a),

the SATIN signal is also amplified exponentially over time.

Here we experimentally implement a SATIN protocol for a Lipkin-Meshkov-Glick

(LMG) Hamiltonian [128, 51, 255, 77, 216, 153, 169, 173, 154, 125, 139] that exhibits

exponential phase space evolution. The LMG Hamiltonian is generated in a cavity

QED (cQED) system by adding a global rotation term 𝑆̂𝑥 to the One-Axis-Twisting

(OAT) [108] Hamiltonian 𝑆̂
2

𝑧,

𝐻̂ = 𝜒𝑆̂
2

𝑧 + Ω𝑆̂𝑥, (8.1)

here Ŝ = (Ŝx, Ŝy, Ŝz) represents the total spin of the system comprised of 𝑁 = 2𝑆

spin-1
2

particles. While the time evolution is not chaotic due to the conservation of

𝑆̂
2
, the LMG Hamiltonian nevertheless features a quantum Lyapunov exponent for

0 < Ω/(𝑆𝜒) < 2 due to an unstable (bifurcating) trajectory in the system phase space

(see Fig. 8-2A) [166, 188, 173].

157



-2 -1 0 1 2
0

10

20

30

LMG

OAT

1 2
0

10

20

30

0 1 2
1

10

0 1 2
0

0.2

0.4

-1 0 1

-1 0 1

A B

C D

Sα

Sα

Figure 8-3: Collective-spin evolution in the CQED system. A, Numerical cal-
culation of the normalized variance 𝜉2+ of the antisqueezed direction as a function of
𝑆𝜒𝑡 and Ω/𝑆𝜒 with linecuts representing the measurements in B, C. B, The anti-
squeezing for a given 𝑆𝜒𝑡 = 1.8 as a function of the rotation strength Ω. The shaded
region indicates exponential growth, while in the other regions the time evolution is
either quasi-periodic or growing polynomially. C, Comparison of antisqueezing 𝜉2+
between the fastest exponential growth for a critical rotation strength Ω = 𝑆𝜒, and
the polynomial growth of pure OAT (Ω = 0). The two Bloch spheres represent the
lines of classical evolution in both situations. The dashed and dash-dotted red lines
represent exponential growth based on the theoretically predicted Lyapunov expo-
nent and the full numerical result, respectively. The gray dashed line is calculated
for Ω = 0. Inset: logarithmic plot for Ω = 𝑆𝜒 showing the exponential growth of
𝜉2+. D, The Binder cumulant, characterizing the shape of the distribution, for the
antisqueezed direction for the critical LMG condition Ω = 𝑆𝜒 vs. time 𝑡. Insets: spin
distribution with 𝑆𝜒𝑡 = 0 (blue) and 𝑆𝜒𝑡 = 2 (purple), with the latter being strongly
non-Gaussian.

Our experiments operate with 𝑁 = 200 171Yb atoms whose magnetic sublevels

|↑, ↓⟩ in the electronic ground state represent a spin-1
2

system. One of the two spin

states (|↑⟩) couples to an electronically excited state |𝑒⟩ via 𝜎+-polarized light that

circulates inside the optical cavity (Fig. 8-2b). The coupling between a single atom

and the cavity is characterized by the single-atom cooperativity 𝜂 = 8.8(2) [222].

We implement the LMG Hamiltonian in the rotating frame by adding an oscillating

transverse magnetic field to the OAT Hamiltonian [125] (see Fig. 8-2b).

The experiments start by initializing the system in a coherent spin state (CSS)
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pointing along the 𝑥-axis by means of optical pumping followed by a 𝜋/2 spin rota-

tion. Analytical solutions using the Holstein-Primakoff approximation [86] show that

for Ω/(𝑆𝜒) < 0 or Ω/(𝑆𝜒) > 2 the system evolution is periodic with a frequency

𝜔 =
√︀
Ω2 + 2𝑆𝜒Ω [118]. On the other hand, for 0 < Ω/(𝑆𝜒) < 2 the frequency 𝜔

becomes imaginary, corresponding to an unstable-fixed-point exponential evolution

with a Lyapunov exponent 𝜆𝑄 = |𝜔|. For a fixed 𝑆𝜒, choosing Ω = 𝑆𝜒 results in a

maximum Lyapunov exponent 𝜆𝑄 = |𝑆𝜒|.

We first measure the anti-squeezing (largest variance 𝜉2+ ≡ max𝛼[var(𝑆𝛼)]/(𝑆/2))

of the collective spin Ŝ after an evolution under 𝐻̂ as a function of the ratio Ω/(𝑆𝜒).

The anti-squeezing 𝜉+ constitutes an upper bound on the quantum Fisher information

(QFI) with respect to spin rotations [171]. As shown in Fig. 8-3b, the experimental

data for 𝜉2+ agree with the numerical simulation of the model (solid red line), and

show a peak at Ω = 𝑆𝜒, as expected.

We then measure in Fig. 8-3c how 𝜉2+ grows with time for the two cases Ω = 0

(OAT Hamiltonian) and Ω = 𝑆𝜒 (critically tuned LMG Hamiltonian). The OAT data

(gray) exhibit quadratic growth of 𝜉2+, as expected. The LMG data (red) show expo-

nential growth 𝜉2+ = 𝑒2𝜆𝑄𝑡 with 𝜆𝑄 = 𝑆𝜒 for times 𝑡 ≲ (𝑆𝜒)−1. For larger times, the

growths slows due to finite particle number and light-induced decoherence [125]. The

finite total spin further causes the states to turn non-Gaussian, which we characterize

via the Binder cumulant [13], as shown in Fig. 8-3d.

The time evolution under the critically tuned (Ω = 𝑆𝜒) LMG Hamiltonian 𝐻̂

quickly prepares an entangled collective quantum state. To implement quantum

metrology with the SATIN protocol, we then apply a small rotation 𝑈̂ 𝛿𝜑 = 𝑒−𝑖𝑆̂𝛼𝛿𝜑,

where 𝑆̂𝛼 ≡ 𝑆̂𝑦 cos𝛼 + 𝑆̂𝑧 sin𝛼 represents a collective spin operator in the 𝑦𝑧-plane.

This encodes a signal phase 𝛿𝜑 along the 𝛼 direction, with 𝛼 = 𝜋/4 chosen to max-

imize the speed of the increase (see Fig. 8-2a and Supplementary Information). To

implement −𝐻̂, we switch to another set of laser frequencies incident on the cavity

and flip the sign of the transverse field Ω (see Supplementary Information). This

generates an effective backward evolution in time that amplifies the applied signal

𝛿𝜑. The shifted state then undergoes a bifurcated trajectory for 𝛿𝜑 ≶ 0 (see Fig.
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Figure 8-4: Metrological gain with exponential LMG time-reversal protocol.
The squared signal amplification 𝐺2 (pink open circles) and system noise 𝑁2 (blue
solid squares) vs. time 𝑡. The orange dashed line represents the exponential growth
of the anti-squeezing shown in Fig. 8-3, representing an upper bound to the QFI. The
blue dash-dotted line is the calculated noise due to residual light-atom entanglement.
The maximum metrological gain is 6.8(4) dB.

8-3c), and results in an exponentially amplified deviation 𝐺𝛿𝜑 from the original po-

sition, and we measure the mean spin value ⟨𝑆̂𝛼⟩ = sin(𝐺𝛿𝜑) · 𝑆 to infer the signal

amplification 𝐺. As shown in Fig. 8-4, the squared signal amplification 𝐺2 (orange)

increases exponentially with the same exponent 2𝜆𝑄 as the anti-squeezing 𝜉2+ up to

times 𝑡 ≈ (𝑆𝜒)−1. The measured quantum noise 𝑁2, i.e. the variance of spin projec-

tion noise along the amplification direction 𝑆̂𝛼 normalized to the standard quantum

limit (SQL) (blue) remains unity until 𝑡 ≈ 0.8(𝑆𝜒)−1. The increase of the noise 𝑁2

results from the residual light-atom entanglement [125], and can be improved in the

future by optimizing the light detuning. The improvement of the metrological gain

over the SQL is 6.8(4) dB. The deviation of 𝐺2 from an exponential for 𝑡 ≳ (𝑆𝜒)−1

is due to the non-uniform coupling between atoms and the cavity light [89] as well

as the residual light-atom entanglement, both of which can be improved in the fu-

ture [245, 125].

To investigate the QIS aspect of the time-reversal protocol, we measure the Fi-

delity OTOC (FOTOC) with quantum state tomography using randomized measure-
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Figure 8-5: FOTOC and OTOC extracted from quantum state tomography.
A, Experimental Wigner functions obtained from quantum state tomography after
the LMG SATIN protocol with different signal displacements 𝛿𝜑 (for Ω = 𝑆𝜒 and
𝑡 = 0.57(𝑆𝜒)−1). The dashed circle indicates the orginal CSS state. B, The solid
blue line is a quadratic fit used to extract the OTOC ℐ (see text and eq. 8.3).

ments [202, 54]. The FOTOC ℱ(𝑡) can be expressed as the trace between the density

matrix 𝜌(0) of the original state and that of the state displaced by 𝛿𝜑 evolved back-

ward in time, 𝜌′𝑡(0):=𝑈̂ 𝑡𝜌̂(0)𝑈̂
†
𝑡 , where 𝑈̂ 𝑡:=𝑒

𝑖𝐻̂𝑡𝑒−𝑖𝑆̂𝛼𝛿𝜑𝑒−𝑖𝐻̂𝑡,

ℱ(𝑡) ≡
⟨
𝑈̂ 𝑡𝜌̂(0)𝑈̂

†
𝑡 𝜌̂(0)

⟩
= Tr (𝜌′𝑡(0)𝜌(0)) . (8.2)

At fixed forward evolution time 𝑡, the FOTOC ℱ depends on the small displacement

𝛿𝜑 and relates to the OTOC ℐ(𝑡) by its second derivative [236]

ℐ(𝑡) ≡ −1

2

𝜕2ℱ(𝑡)

(𝜕𝛿𝜑)2

⃒⃒
⃒⃒
𝛿𝜑=0

=
⟨
𝑆̂𝛼(𝑡)𝜌̂(0)𝑆̂𝛼(𝑡)𝜌̂(0)

⟩
, (8.3)

with the Hermitian operator 𝑆̂𝛼(𝑡):=𝑒𝑖𝐻̂𝑡𝑆̂𝛼𝑒−𝑖𝐻̂𝑡.

Choosing four different evolution times (such that 𝑆𝜒𝑡1 ∈ {0.38, 0.57, 0.77, 0.96}),
we displace the entangled state for each 𝑡1 by several different small angles 𝛿𝜑. We

then perform the tomographic reconstruction after a reversed time evolution with

−𝐻̂ to obtain ℱ(𝑡1), as shown in Fig. 8-5(a). The OTOC ℐ(𝑡1) is then extracted
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from the data by fitting a quadratic function in the displacement 𝛿𝜑 to the FOTOC

(Fig. 8-5b). We notice that the fitted quadratic curve is slightly shifted from 𝛿𝜑 = 0,

and has slightly reduced peak fidelity. The shift is likely due to a small difference

between the assumed and the real Larmor frequencies between the spin states, while

the reduction from unit peak fidelity is due to the imperfect time reversal associated

with residual light-atom entanglement. The small imperfections do not reduce the

metrological gain significantly.

Figure 8-6 summarizes our findings regarding the close relation between quantum

scrambling and time-reversal quantum metrology: The antisqueezing 𝜉2+, metrological

gain 𝒢:= 𝐺2/𝑁2, and OTOC ℐ all agree with each other and scale exponentially with

application time 𝑡 of the LMG Hamiltonian for 𝑡 ≲ 0.8(𝑆𝜒)−1. The exponential fit

yields a Lyapunov exponent 𝜆𝑄/(𝑆𝜒) = 1.01± 0.03, in excellent agreement with the

theoretical expectation 𝜆𝑄/(𝑆𝜒) = 1.

Our experiments demonstrate a CQED realization of the critically tuned (Ω = 𝑆𝜒)

LMG model with an exponential evolution in phase space. Besides, we also point out

and experimentally verify that time reversal protocols represent a powerful experi-

mental tool giving access not only to metrological gain beyond the SQL [66, 35, 8],

but also enabling the measurement of quantum information scrambling in large many-

body systems. This generalizes the possibilities of using quantum information science

to enhance quantum metrology [140]. Furthermore, we observe exponential growth of

both the OTOC and the metrological gain for the LMG model, thereby experimentally

verifying the intrinsic relation between these two concepts from different subfields of

quantum science. The demonstrated methods to reverse time may enable the experi-

mental investigation of complex many-body quantum systems where the information

spreads exponentially fast within many degrees of freedom, relevant for the simulation

of black holes and quantum gravity models in controlled table-top experiments [206].

In addition, we envisage that time-reversal protocols will readily render many fast-

scrambling Hamiltonians useful for robust and fast quantum-enhanced metrology.
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Figure 8-6: Comparison between quantum information and quantum
metrology parameters for the LMG model. The red open circles, solid green
squares, and solid blue diamonds represent the antisqueezing, metrological gain, and
OTOC, respectively. All quantities increase initially exponentially with time with
a fitted Lyapunov exponent 𝜆𝑄 = 1.01(3)𝑆𝜒 that agrees well with the theoretical
prediction 𝜆𝑄 = 𝑆𝜒. The OTOC errorbars are obtained by using the bootstrapping
method [80]. For longer times 𝑡 ≳ (𝑆𝜒)−1, the metrological gain and OTOC decrease
due to decoherence caused by light-atom entanglement, as is well captured by the
theoretical model (solid blue line).

163



164



Chapter 9

One Small Step For the Machine, One

Big Step For the System

9.1 Overview of the Ongoing Upgrading

9.1.1 Fast Rabi Oscillation

The original Rabi drive on the ground state manifold is based on the analog output

of a 10kHz voltage signal which drives a MOSFET to generate high AC current and

corresponding magnetic field. However, due to the low magnetic dipole moment of

the nuclear spin structure, the Rabi frequency we could achieve via this method is

very limited. Also, as explained in [24], the power to drive the coil is independent

of the windings 𝑁 . In the original setting, our large-capacitor & MOSFET setup

outputs the largest power with a single turn, which produces a mere 220Hz of Rabi

frequency.

Audio Amplifier

We have also looked into larger power supplies and found that the audio amplifier

would be a reasonable match. And since the audio amplifier has a different maximum

output impedance, with more turns of coil that match the audio amplifier’s ideal

working impedance, we, in principle, can obtain an infinitely long Rabi drive without
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Figure 9-1: Related Yb-171 energy levels and the driving fields. Replicated from [98].

worrying about the capacitor’s discharge, and possibly with a larger Rabi frequency.

Optical Rabi Rotation

As motivated by the high fidelity and fast speed of the single-qubit gate in the yt-

terbium tweezer array system [98], we would also like to achieve spin manipulation

using the optical method, which is sending the linear polarized beam transversely

such that both (𝜎++𝜎−)/
√
2 and 𝜋 polarization exists. By making the light far detuned,

the two-photon transitions 1 , and 2 , as in Fig. 9-1, add together to drive the

transition between |↕⟩. Though such a transition is off-resonance due to the detuning

generated by the bias field, once the two-photon Rabi frequency is much larger than

the two-photon detuning Δg, effectively, one can neglect the small detuning and still

assume a resonant driving in the ground state.

However, with the same setting as [98], we observe almost zero Rabi frequency,

leaving the system only exhibiting pure dephasing due to the incoherent scattering

with the transverse drive, no matter how we choose the ratio between 𝜋-polarization

and (𝜎++𝜎−)/
√
2 polarization, as in Fig. 9-2.

This observation actually makes sense. For simplicity, we can neglect all the

Zeeman splittings, and redefine the quantization axis to be along the direction of

the transverse beam, say 𝑥-axis. The linear-polarized light provides zero vector light
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Figure 9-2: Top row: 𝜃 = 10∘, 30∘, 40∘, and bottom row: 𝜃 = 50∘, 60∘, 60∘, where the
last one zoomed in time axis. 𝜃 = 60∘ is the closest to the paper setup [98].

shift, and thus no ∝ 𝑆̂𝑥 term would be generated. Such a term only comes from

the vector polarizability, which intrinsically comes from the different Clebsch-Gordan

coefficients.

Figure 9-3: Optical Rabi oscillations with 1.2 mW power (supposedly) and 400kHz
Optical Rabi Frequency using circularly polarized light.

With the correct circular polarization, we observed fast Rabi oscillation of more

than 2𝜋×400kHz with only about 1mW of 556nm light as in Fig. 9-3. We can further

increase the frequency by going to a higher power, but the room is very limited at

this moment. Though in the meantime, we have ordered a completely new 556nm

167



laser from Precilasers, which outputs more than 1.5W (at least 50 times larger). We

will come back to this idea once we have a much larger budget in terms of power.

Also, as we can observe, there are currently problems with the decreasing of the

contrast. This is largely due to (1) the inhomogeneity of the laser beam on the atoms,

and (2) incoherent scattering. For (1), with the higher power, we can afford to shape

the beam wider to obtain a more homogeneous Rabi coupling to the atoms. For

(2), the incoherent scattering ratio decreases with the detuning, and with the higher

power, we are also allowed to detune the laser frequency further and increase the

power since the two-photon process’s Rabi-dephasing ratio is irrelevant to the power

itself.

9.1.2 Belt Lattice

The belt lattice refers to two counterpropagating light fields with nuance in frequen-

cies. Thus, the positions of the antinodes are actually moving in real-time. When

this lattice serves as the optical trapping lattice for cold atoms, as in our 759nm laser,

the atoms actually move along with the antinodes.

With the CAD For Precision Optics (C4PO) techniques (see Appendix B), we have

built two double-pass AOM boards to control the two beams’ frequencies individually.

The alignment is first to align one of the beams such that it overlaps with the green

MOT’s fluorescence, then on the other side, we use a fiber coupler to collect, and

then the two light modes should overlap perfectly.

Figure 9-4: Locating the position of the MOT and overlapping it with the transverse
lattice. Figure adopted from [209].
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We first have to align the transverse lattice along the position of the atoms. This

procedure is similar to the case of aligning the imaging beam of the 399nm laser, as

described in Sec. 2.2.1. Instead of using the Andor camera, we set up the Thorlabs

camera to collect the fluorescence light for the 556nm MOT from the side. We identify

the MOT position based on the strong scattering of the substrate scattering, as in

Fig. 9-4. Then we add 90dB ND filter to make a 10−9W beam on 𝜋(10𝜇m)2 area,

giving 0.3mW/cm2 such that camera is not burned. Drag the ThorCam such that

the new position (shifted by the filter) overlaps with the original region.

z

xt

Figure 9-5: Atoms are moving with the belt lattice’s transportation.

Then we use the imaging system in Sec. 2.2.1 to further optimize this alignment

to make sure that the transverse trap’s waist is overlapping with the cavity trap.

We first image the position of the cavity trap of atoms, then image the position of

atoms directly transferred to the transverse trap while keeping the cavity out of the

lock. Since each camera (Andor and Thorlabs) only have information about a 2D

plane, we have to iterate the procedure a few times to ensure the overlapping in both

directions. Then, we fiber couple the other side to fiber such that we can optimize

the mode overlap, and finally, replace the input and the output with a C4PO plate

(see Appendix. B).
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Recently, we have just demonstrated that the belt lattice technique works, as in

Fig. 9-5.

9.1.3 Incoherent Pump to the Clock State

As one can see, it is really hard to get a perfect clock laser, which makes access to

the great clock state limited unless one wants to invest a lot in the clock laser system,

like what we are doing. This might not be a worthy investment if the interest is not

specific to clock-related physics, such as quantum computing .

There is, on the other hand, another approach to get atoms into the clock state:

via the incoherent pumping through the 1𝑆0 → 3𝑃1 → 3𝐷1 ⇝ 3𝑃0 process, where one

only needs a 1539.15nm laser and the rest would be from a fast (310kHz) spontaneous

decay. Similarly, one can repump the atom back to 3𝑃0 → 3𝐷1 ⇝ 3𝑃1 ⇝ 1𝑆0, see

Fig. 9-8.

We successfully see the atom number in the 399nm blue MOT can be significantly

suppressed by turning on both the 556nm green laser and the 1539nm infrared laser.

While loaded into the magic wavelength optical lattice at 759nm, we can use the same

way to hide atoms in the clock state and bring them back via the other infrared laser

at 1389nm.

9.2 Potential Fun Physics With the Upgraded Sys-

tem

These upgrading infrastructures can provide much potential fun physics to further

explore. Here I will name a few.

9.2.1 Quantum Erasure With a Faster Rabi Drive

In our CQED system, the largest energy scale in the rotating-wave approximation

is the cavity and atomic decay at hundreds of kHz. However, once we have a drive
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that is stronger than these decays, the system will enter a new regime that is barely

discussed.

A naïve idea is the erasure experiment to reduce the atom-light entanglement

while keeping the residual atom-atom interaction. The idea is very similar to that

for dynamical decoupling [228], namely: within the lifetime of the cavity, we apply

a fixed probe light input to the cavity field while pulsing the external Rabi drive to

apply many 𝜋-pulses. The 𝜋 pulses make 𝑆̂𝑧 → −𝑆̂𝑧 which preserves the Hamiltonian

𝑆̂
2

𝑧, while the intracavity photon carries information about an average of 𝑁̂↑ and

𝑁̂↓, which equals 𝑆 = 𝑁/2 and thus does not cause the collective dephasing as in

Eq. (3.49). By removing such a term, we can go closer to the vacuum Rabi peak and,

thus, less individual dephasing from the incoherent scattering. This would allow a

much larger metrological gain in the existing setup.

9.2.2 Exploring the Quantum Few-body Chaotic System

With the belt lattice technique as well as multiple transverse lattices, we can first

load one ensemble of atoms into the intersection, then move out by the belt lattice

while moving in another ensemble. Also, we can just set up another very close belt

lattice which is off by ∼ 50𝜇m along the cavity axis direction, and move two (arrays

of) ensembles together such that we can generate interaction within each ensemble

or between the two ensembles. This also forms a network of clocks which is discussed

in [34].

Assume we have the ability to move two atom ensembles in and out of the cavity

mode without adding additional decoherence. Then we can Floquet engineer the

system using 𝐻̂0 = 𝜒(𝑆̂𝑧,(1) + 𝑆̂𝑧,(1))
2, 𝐻̂1 = 𝜒𝑆̂

2

𝑧,(1), 𝐻̂2 = 𝜒𝑆̂
2

𝑧,(2), 𝐻̂ℎ = ℎ(𝑆̂𝑥,(1) +

𝑆̂𝑥,(2)), where 𝑆̂𝛼,(1,2) are the collective spin operators for each ensemble. Then one

can engineer a chaotic quantum Hamiltonian [149]:

𝐻̂ = 𝜒𝑆̂𝑧,(1)𝑆̂𝑧,(2) + ℎ(𝑆̂𝑥,(1) + 𝑆̂𝑥,(2)). (9.1)

We can prepare initial states and evolve under this Hamiltonian and measure
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Figure 9-6: Hamiltonian from left to right: 𝐻̂0 = 𝜒(𝑆̂𝑧,(1)+𝑆̂𝑧,(1))
2, 𝐻̂1 = 𝜒𝑆̂

2

𝑧,(1), 𝐻̂2 =

𝜒𝑆̂
2

𝑧,(2)

whether the correlation hole exists due to the repulsion of the quantum energy lev-

els [227].

One way to measure the correlation hole is through the tomography method used

in Chap. 8, which was developed in [202]. However, it will require tons of mea-

surements and makes the detection unreachable. By giving the initial states with

additional randomness, the measurement can converge faster, and maybe we would

be able to observe some features.

9.2.3 Clock State CQED

By making the cavity resonance with the clock transition, we can directly lock the

laser to the magnetic-field insensitive clock transition. Using the four-level generation

of (3.8):

ℰFL
𝑐 =

ℱ
𝜋

𝑖𝑡1ℰin
1 +𝑁↑𝜂↑ℒ𝑎(𝑥𝑎) +𝑁↓𝜂↓ℒ𝑎(𝑥𝑎 + 𝑏)− 𝑖(𝑥𝑐 +𝑁↑𝜂↑ℒ𝑑(𝑥𝑎) +𝑁↓𝜂↓ℒ𝑑(𝑥𝑎 + 𝑏))

(9.2)

Here we assume a practical condition of 𝑁↑ = 𝑁↓ = 200 and 𝜂↑ = 𝜂↓ = 5, and a

Zeeman splitting between the two clock transition is 2𝜋 × 5kHz which is subject to

fluctuation. Then we observe two narrow dips under the wide cavity background res-

onance peak in the spectrum, as in Fig. 9-7. The width is roughly 𝑤 = (𝑁↕𝜂)Γclock/2,
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Figure 9-7: The cavity field’s amplitude and phase for the symmetric clock situation.

where Γclock is the clock transition is natural linewidth which is 2𝜋 × 7mHz. In the

condition, the width is 𝑤 = 2𝜋 × 3.5Hz.

The locking to this feature is simply by sending a four-point probe, at the four

slopes of the two dips. Then one can estimate the two dips’ positions and then the

center of them, which is magnetic-field insensitive. The difference between the center

and the laser’s reference frequency can then be feedback to the laser.

9.2.4 Degenerate Fermi Gas with CQED

For clock operation, cooling is essential as atoms in different vibrational modes have

different frequency responses to the clock light. That is especially correct for the low

PSD case.

When the PSD increases to near unity for Fermions like ytterbium-171, the quan-

tum degeneracy kicks in, and cooling all atoms to the vibrational ground state be-

comes increasingly hard. PSD reaching half seems to be an optical condition for

clocks.

However, the quantum degenerate Fermi gas also has much physics yet to be

investigated.
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Improved Raman-sideband Cooling

Though the Raman cooling to BEC is achieved in several elements like Rb [90] and

Cs [211], this has not yet been demonstrated in Fermions. For our system, an im-

portant factor in improving is to lower the density of states to let the Raman beam

easily distinguish between energy levels. The way to achieve such a requirement is to

have a 3D optical lattice. Then, by adding one more cooling path, we can perform a

Raman sideband cooling in all three directions.

With the degenerate Fermi gas, we can also investigate some ground-state prop-

erties under the cavity Hamiltonian. Without the cavity, the band insulator state is

the ground state since ytterbium-171 is spin-1/2. The defect of the band insulator

introduces the possibility of quantum fluctuation, and the cavity field will cause a

long-range interaction of these defects. Will there then be a “remote superposition”

state which is topologically highly nontrivial?

Incoherent Pump Clock-state Degenerate Gas

We can also benefit from the incoherent pumping to the clock state process, i.e.,
1𝑆0 → 3𝑃1 → 3𝐷1 ⇝ 3𝑃0. Now we rely on the long 𝑇1 time of the clock state.

A related discussion can be found in [214], but in words, this really uses the fact

that the atoms in the 3𝐷1 should find a state to decay to as they cannot stay there

forever. Since the 3𝑃0 state is metastable and also trapped by the 759nm optical

lattice, the phase-space density will continuously increase. Meanwhile, the atoms

will continuously be loaded into the MOT and then pumped to 3𝐷1, and thus the

phase-space density will keep increasing, as illustrated in Fig. 9-8.

Competing Between Pauli-blocking and Cavity Enhancement

It could be interesting to see superradiance with degenerate Fermi gas [172, 29].

Some pioneering experiments are already done in Jean-Philippe Brantut’s group, and

a review paper [147] summarizes the current status of it.

One important question is whether the superradiance would compete with the

174



3𝑃!(𝜏 = 21𝑠)

3𝑃"(𝜏 = 874𝑛𝑠)

3𝐷"(𝜏 = 330𝑛𝑠)
6𝑠7𝑝 1𝑃"(𝜏 = 5.5𝑛𝑠)

1𝑆#6𝑠$

57
8.4
𝑛𝑚

Γ/2
𝜋 =

7 𝑚
𝐻𝑧55

5.8
𝑛𝑚

Γ/
2𝜋
=
18
4 𝑘
𝐻𝑧

398.9𝑛𝑚
Γ/2𝜋 = 28.9 𝑀𝐻𝑧

1388.7610 𝑛𝑚
Γ/2𝜋 = 310 𝑘𝐻𝑧

1539.1494 𝑛𝑚
Γ/2𝜋 = 170 𝑘𝐻𝑧

3D1

3P0

Figure 9-8: Left: Extended energy level of ytterbium-171 atom. Right: Generation
of degenerate Fermi gas by pumping to the dark metastable 3𝑃 0 clock state.

Pauli-blocking [42, 141, 194] under the presence of the optical cavity. If one probes

the atom from the side, the emission into the cavity is enhanced by the Purcell effect

but is reduced by the Pauli-blocking. This requires, on the other hand, a very large

Fermi momentum to be at the momentum difference between the probing beam and

the cavity light. Will there be a phase transition when the PSD increases? Or will

there be other effects from an incommensurate lattice? These questions would be

really interesting to think about.

9.3 Conclusions and Directions for the Future

In this thesis, I have described our Yb-171 CQED setup and the results for the past

6 years. As the title suggests, I have been exploring novel quantum physics using this

setup during this period. The novelty can be understood by two means: to study the

novel problem inside the system, as well as to use the system to build novel problems.

For the first part, I believe I can convince the audience that the Ramsey-based

squeezing clock is, in principle, able to provide a significant step towards many fabu-

lous quantities. Clock-based fundamental research, such as investigating the Lorentz

symmetry violation [193], dark matter detection [93, 104], etc., could all benefit from

our progress. With the new Menlo laser, we are not only on track to achieving a state-
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of-the-art atomic clock but by integrating our SATIN protocol, we can also achieve a

record high level of precision with larger bandwidth than ever before [34].

On the other hand, the path towards novel phenomena out of the CQED system is

also clear. Starting with the unstable trajectory in the quantum many-body system,

we pave a clear path to link quantum metrology and quantum information science

in the context of exponential quantum dynamics and the Lyapunov exponent. The

generalization to a real quantum chaotic system is well within reach.

For the future, as discussed above, many ongoing projects are promising with

anticipated outcomes. Although the directions may bifurcate at some point, I indeed

foresee the prosperity in our Ybclock lab.
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Appendix A

Numerical Methods

The CQED system features a large symmetry which in turn makes it possible for an

efficient study of the behaviors of the many-particle system using numerical methods.

Here we introduce two different methods we used: a full-quantum version heavily

relies on the symmetry, and a semi-classical version which also called (second-order)

truncated Wigner approximation that simulates up to the second-order moments of

the system.

A.1 Full Quantum Numerics

As discussed in Sec. 3.2.1, for the majority of our experiments, the Hilbert space is

limited to the (𝑁 + 1)-dimension symmetric subspace, i.e., ⟨𝑆̂2⟩ = 𝑆(𝑆 + 1). We

choose to span the subspace using the Dicke states of 𝑆̂𝑧 direction: |𝑆, 𝑆𝑧⟩.

In this basis, the operator 𝑆̂𝑧 has a natural diagonal form: diag(𝑆̂𝑧) = [𝑆, 𝑆 −
1, · · · ,−𝑆+1,−𝑆]. Besides, we also have the relations of the spin-raising and lowering

operators

𝑆̂± |𝑠,𝑚𝑠⟩ =
√︀
𝑠(𝑠+ 1)−𝑚𝑠 (𝑚𝑠 ± 1) |𝑠,𝑚𝑠 ± 1⟩ , (A.1)
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where ℏ = 1 is used. Then using

𝑆̂𝑥 =
𝑆̂+ + 𝑆̂−

2
, 𝑆̂𝑦 =

𝑆̂+ − 𝑆̂−
2𝑖

we can construct 𝑆̂𝑥, 𝑆̂𝑦 operators.

A.1.1 Unitary Evolution

The whole unitary evolution could be calculated using the matrix defined above. In

Mathematica®, using MatrixExp[-I H t].psi can evolve the state easily.

A.1.2 Lindbladian and Master Equation

Besides the unitary evolution, the optical cavity also produces non-unitary effects

discussed in Sec. 3.4. The two effects are (1) the collective dephasing due to the

remaining entanglement between the collective spin state and the light emitted from

the cavity, and (2) the individual dephasing due to the individual atom incoherently

scattering cavity photon into free space photon. The latter one is overcome by moving

atoms to the higher cooperativity region of our asymmetric cavity, while the former

is inevitable due to the existence of the other transition. Nevertheless, if we assume

a perfect Markovian process, then both effects can be described by the master equa-

tion using the Lindbladian. Even though some recent results suggest that certain

Non-Markovian processes may appear [127], for our single-mode cavity, this effect is

negligible.

The master equation is written as

d𝜌̂

d𝑡
= −𝑖[𝐻̂, 𝜌̂] + 𝛾𝐶ℒ𝐶 [𝜌̂] + 𝛾𝐼ℒ𝐼 [𝜌̂], (A.2)

where 𝐻̂ = 𝜒𝑆̂
2

𝑧 + 𝐻RF,ℒ𝐶 [𝜌̂] = 𝑆̂𝑧𝜌̂𝑆̂𝑧 − 1
2
𝑆̂
2

𝑧𝜌̂ − 1
2
𝜌𝑆̂

2

𝑧, and ℒ𝐼 [𝜌̂] =
∑︀𝑁

𝑘=1 𝜎̂
𝑘
𝑧 𝜌̂𝜎̂

𝑘
𝑧 −

𝜌̂. The individual dephasing will result in the evolution leak out of the symmetric

subspace, and there is also an efficient numerical method for that case [208]. As we

discussed earlier, the individual dephasing is reduced due to the high cooperativity
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between the cavity field and the atomic state, and therefore we can only focus on the

collective dephasing induced by the cavity field.

For small 𝑁 , one can “vectorize” the density matrix such that the dynamics can

be calculated using the same matrix exponential method in a (𝑁 + 1)2 dimension

space. However, the calculation speed goes down as 𝑛−3 where 𝑛 = (𝑁 + 1)2 which

is not in favor of 𝑁 ∼ 𝒪(102) atom number which we typically use.

Instead, we use a 4th order Runge-Kutta method as follows. Assume we have 𝜌̂(𝑡),

and we want to calculate 𝜌̂(𝑡+ d𝑡). We have

𝜌̂1 = 𝜌̂(𝑡) +
d𝑡

2

(︁
−𝑖[𝐻̂, 𝜌̂(𝑡)] + 𝛾𝐶ℒ𝐶 [𝜌̂(𝑡)]

)︁

⏟  ⏞  
Δ𝜌̂1

(A.3)

𝜌̂2 = 𝜌̂(𝑡) +
d𝑡

2

(︁
−𝑖[𝐻̂, 𝜌̂1] + 𝛾𝐶ℒ𝐶 [𝜌̂1]

)︁

⏟  ⏞  
Δ𝜌̂2

(A.4)

𝜌̂3 = 𝜌̂(𝑡) + d𝑡
(︁
−𝑖[𝐻̂, 𝜌̂2] + 𝛾𝐶ℒ𝐶 [𝜌̂2]

)︁

⏟  ⏞  
Δ𝜌̂3

(A.5)

𝜌̂4 = 𝜌̂(𝑡) + d𝑡
(︁
−𝑖[𝐻̂, 𝜌̂3] + 𝛾𝐶ℒ𝐶 [𝜌̂3]

)︁

⏟  ⏞  
Δ𝜌̂4

, (A.6)

then

𝜌̂(𝑡+ d𝑡) = 𝜌̂(𝑡) +
1

6
(Δ𝜌̂1 + 2Δ𝜌̂2 + 2Δ𝜌̂3 +Δ𝜌̂4)d𝑡+𝒪(d𝑡4). (A.7)

This is a 𝒪(𝑁4𝜒𝑡) method, significantly lower than the 𝒪(𝑁6) “vectorization”

method for experimentally feasible 𝑁𝜒𝑡.

A.2 Truncated Wigner Approximation

The OAT Hamiltonian, though creating non-trivial entangled states, is very easy to

understand using classical Gaussian description introduced in Sec. 3.4.5. Since to the

lowest order it preserves the Gaussianity, we then wonder whether there are other

numerical approximation based on such a property to accelerate the calculation.
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In fact, there is a very well developed semi-classical method for this type of task

called Truncated Wigner Approximation [175]. A detailed explanation specific for

the spin system is developed as well [177]. The central concept is to sample the

states using a classical distribution. In [177], the sample points for spin-1/2 is based

on the four points 𝑟(0,0) = (1, 1, 1), 𝑟(0,1) = (−1,−1, 1), 𝑟(1,0) = (1,−1,−1), 𝑟(1,1) =

(−1, 1,−1) which form a tetrahedron. Call Γ = {(0, 0), (0, 1), (1, 0), (1, 1)}, then there

is a valid density matrix for each of these points ∀𝛼 ∈ Γ, 𝐴𝛼 = 1
2
(I+ 𝑟𝛼 · 𝜎), and then

the single spin density matrix can be cast as a linear combination 𝜌 =
∑︀

𝛼∈Γ𝑤𝛼𝐴𝛼.

Then, the initial product state is described as

𝜌0 =
∑︁

𝛼1,...,𝛼𝑁∈Γ
𝑤𝛼1 · · ·𝑤𝛼𝑁

𝐴𝛼1 ⊗ · · · ⊗ 𝐴𝛼𝑁
. (A.8)

Under the time evolution, we have

𝜌(𝑡) =
∑︁

𝛼1,...,𝛼𝑁∈Γ
𝑤𝛼1 · · ·𝑤𝛼𝑁

𝒜𝛼
1···𝑁(𝑡), (A.9)

where the curly 𝒜 operators are just the Heisenberg picture of evolved operator ⊗𝐴
with the 𝛼 = 𝛼1 · · ·𝛼𝑁 indicating the index of our basis. All curly operators are

therefore a function of time 𝑡 which are sometimes omitted, and we can take out the

one and two-body terms by

𝒜𝛼
𝑖 = Tr𝑗 ̸=𝑖𝒜𝛼

1···𝑁 , 𝒜𝛼
𝑖𝑗 = Tr𝑘 ̸=𝑖,𝑗𝒜𝛼

1···𝑁 = 𝒜𝛼
𝑖 𝒜𝛼

𝑗 + 𝒞𝛼
𝑖𝑗 .

These operators can be expanded in the Pauli basis

𝒜𝛼
𝑖 =

1

2
(I+ 𝑎𝛼

𝑖 · 𝜎𝑖) , 𝒞𝛼
𝑖𝑗 =

1

4
𝜎𝑖c

𝛼
𝑖𝑗𝜎𝑗.

Then, the evolution is pretty much self-contained if assuming that

𝒜𝛼
𝑖𝑗𝑘 = Tr𝑘 ̸=𝑖,𝑗,𝑘𝒜𝛼

1···𝑁 ∼ 𝒜𝛼
𝑖 𝒜𝛼

𝑗 𝒜𝛼
𝑘 +𝒜𝛼

𝑖 𝒞𝛼
𝑗𝑘 +𝒜𝛼

𝑗 𝒞𝛼
𝑖𝑘 +𝒜𝛼

𝑘 𝒞𝛼
𝑖𝑗 + 𝒞𝛼

𝑖𝑗𝑘⏟ ⏞ 
→0

. (A.10)
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Here I directly quote the steps to simulate the dynamics summarized in [177]:

1. Sample phase space points 𝛼 from the probability distribution 𝑤𝛼1 · · ·𝑤𝛼𝑁
=

2−𝑁 Tr [𝜌0𝒜𝛼
1···𝑁(0)] of the initial state 𝜌0, and get the sampling set 𝑆𝑛 = {𝛼}.

2. Compute the corresponding initial values of the Pauli expansion coefficients

𝑎𝛼
𝑖 = Tr (𝜎𝛼

𝑖 𝒜𝛼
1···𝑁). Mostly there are no correlations in the begining, c𝑖𝑗(𝑡 =

0) = 0.

3. Solve the PDEs to get 𝑎𝛼
𝑖 (𝑡) and c𝑖𝑗(𝑡).

4. Obtain mean and correlation functions via

⟨𝜎𝜇𝑖 ⟩ =
∑︁

𝛼∈Γ𝑁

𝑤𝛼1 · · ·𝑤𝛼𝑁
𝑎𝜇𝑖 ≈ 1

𝑛

∑︁

𝛼∈𝑆𝑛

𝑎𝜇𝑖 , (A.11)

⟨︀
𝜎𝜇𝑖 𝜎

𝜈
𝑗

⟩︀
=
∑︁

𝛼∈Γ𝑁

𝑤𝛼1 · · ·𝑤𝛼𝑁

(︀
𝑐𝜇𝜈𝑖𝑗 + 𝑎𝜇𝑖 𝑎

𝜈
𝑗

)︀
≈ 1

𝑛

∑︁

𝛼∈𝑆𝑛

(︀
𝑐𝜇𝜈𝑖𝑗 + 𝑎𝜇𝑖 𝑎

𝜈
𝑗

)︀
. (A.12)

An example is for the pure OAT Hamiltonian

𝐻̂ = 𝜒𝑆̂
2

𝑧 = 𝜒
∑︁

𝑖𝑗

𝜎𝑧𝑖 𝜎
𝑧
𝑗 , (A.13)

and initial state is a CSS along 𝑥-direction, by calculating 𝑎𝛼
𝑖 (𝑡) and c𝑖𝑗(𝑡), we

calculate variance along 𝑥-direction (initially zero) for 𝑁 = 200 and sampling size

𝑛 = 10000. The result is shown in Fig. A-1, where the result agrees well with the

analytical solution given in [203]:

var(𝑆𝑥) =
1

2
[𝑞1 + 𝑞2]− 𝑞20, (A.14)

where

𝑞0 =
𝑛

2
cos𝑁−1(𝜒𝑡), 𝑞1 =

𝑁(𝑁 + 1)

4
, 𝑞2 =

𝑁(𝑁 − 1)

4
cos𝑁−2(2𝜒𝑡)
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Figure A-1: Variance along 𝑥-direction for a CSS under the OAT Hamiltonian. The
blue line is from the analytical formula (A.14), and the red dashed line is interpolated
numerical results from the truncated Wigner approximation method.
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Appendix B

C4PO-board

The original C4PO, or “CAD For Precision Optics”, is developed by Issac Chuang’s

group based on OpenSCAD. The idea was to “program” where the optics should be, and

output a 3D model for a board with necessary holes and other adapting structures to

mount optical elements on.

Unfortunately, due to the slow rendering of the 3D model in OpenSCAD, we have to

forfeit our goal to use it to replace our old optical setup completely. However, we can

adapt the idea and take a step back to make a very well-designed board directly in

Solidworks. The following are two examples of a conventional double-pass AOM and

the green (556nm laser) splitting station described in Fig. 2-7(a). These plates are

designed by our new generation graduate student Gustavo Velez and junior UROP

student Nicolas Tanaka, respectively.

Figure B-1: Solidworks rendering of the C4PO. Left: double-pass AOM. Right: Green
power splitting station.
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Glossary

AOM Acoustic-Optic Modulator. 43, 48, 51, 52, 168

API Application Programming Interface. 44

BEC Bose-Einstein Condensation. 28, 38, 149, 174

C4PO CAD for Precision Optics. 11, 32, 168, 169, 183

CO Nonlinear Crossover Signal. 14, 49

CQED Cavity Quantum Electrodynamics. 11, 35, 61, 62, 64–66, 69, 75, 78, 83, 129,

170, 172, 173, 175–177

CSS Coherent Spin State. 15, 17, 21–28, 32, 63, 68, 73, 79, 80, 86, 87, 93, 101–103,

106, 122, 123, 125, 126, 133–138, 142–146, 149, 181, 182

DAVLL Dichroic Atomic Vapor Laser Lock. 46, 47

DDS Direct Digital Synthesis. 43, 52

ECDL External Cavity Diode Laser. 46, 54

EOM Electro-Optic Modulator. 14, 43, 48, 52–55

FPGA Field-Programmable Gate Array. 45, 52

FSR Free Spectral Range. 55

FWHM Full Width at Half Maximum. 98
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HCL Hollow-Cathode Lamp. 14, 46–49

HWP Half Wave Plate. 53, 54

LO Local Oscillator. 24, 25, 130, 131, 135–139

MOSFET Metal-Oxide-Semiconductor Field-Effect Transistor. 43, 165

MOT Magneto-Optical Trap. 41–43, 51, 52

OAT One-Axis Twisting. 26, 27, 32, 75, 105, 119, 143, 144, 146, 147, 153, 179, 181,

182

OLC Optical Lattice Clock. 125, 129, 130, 138

OTOC Out-of-time Ordered Correlator. 153

PBS Polarizing Beamsplitters. 53, 54

PDH Pound-Drever-Hall Technique. 14, 53, 55, 57, 59

PSD Phase Space Density. 110, 112, 173, 175

QFI Quantum Fisher Information. 10, 16, 17, 36, 66, 76, 78–83, 86–88, 100–103,

118, 119, 123, 154

RAM Residual Amplitude Modulation. 55

SATIN Signal Amplification through Time-reversed InteractioN. 26–28, 142, 143,

145, 146, 148–150, 153–155, 176

SQL Standard Quantum Limit. 22, 25, 28, 118, 125–127, 129–131, 137, 138, 141,

142, 144, 146, 148–151

SSS Squeezed Spin State. 17, 21–25, 65, 74, 102, 103, 116, 122–126, 131–139, 141,

144
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TA Tapered Amplifier. 57

UHV Ultra-High Vacuum. 42

ULE Ultra low expansion glass. 43, 52

VCO Voltage-Controlled Oscillator. 43, 52
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